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• 10 credits
• 9 hours workshops/practicals
• 70% exam (2 hours)
• 30% essay/written assignment

Lecture notes will be updated each week to include the new weeks content

0.0.1 Assignments

• Assignment 1: Anatomy of a joint(s), (muscles, tendons, nerves) with estimate of forces and
torques

• Assignment 2: Dynamic force analysis of an animal, human, prosthesis, orthosis or exoskeleton

1 Outline of possible topics
• Anatomy
• Statics, joints (pin, sliding, revolute) pin jointed trusses
• Energy (Hamiltonian systems)
• Dynamics; Gait (running and walking), sports and performance
• Beams/beam theory (Bones)
• Materials (biological and engineering)
• Engineering failures
• Haptics
• Prosthetics
• Rehabilitation and assistive robotics
• Cognitive systems : Reflex, brain models etc
• Prediction (Wolpert)
• Conservation of Energy, momentum, angular momentum, mass
• Coordinate frames, centre of mass, moment of inertia, effects of scale
• Muscle models
• Perception (e.g. arm length/Fraser and wing)
• Newton and Newton-Euler
• Fluids - Dimensional analysis
• Internal models
• Serial and parallel chain linkages

2 Books
1. Duane V. Knudson, ”Fundamentals of biomechanics”, 2017 UR Library call: 612.76-KNU

Electronic book: Provides an overview of biomechanics, but BI3BMx will go into much greater
depth

2. Steven Vogel, ”Comparative biomechanics : life’s physical world”, 2013 UR Library call:
571.43-VOG A good solid introduction to biomechanics

3. Lynette A. Jones and Susan J. Lederman, ”Human hand function”, 2006 http://dx.doi.

org/10.1093/acprof:oso/9780195173154.001.0001 UR Library call: XX(1350753.1)
This book is available online via U.Reading library

4. K.A. Stroud and Dexter J. Booth., ”Engineering mathematics”, 2013 UR Library call:
LARGE–F 510.2462-STR

5. Robert McNeill Alexander, ”Principles of Animal Locomotion”, 2006
6. Etienne Burdet, David W. Franklin and Ted E. Milner, ”Human Robotics: Neuromechanics

and Motor Control”, 2013 UR Library call: 612.8-BUR
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7. R. McNeill Alexander, ”Exploring Biomechanics: Animals in motion”, 1992 UR Library call:
591.18-ALE

8. Jack M. Winter, ”Multiple Muscle Systems: Biomechanics and movement organisation”, 1990
9. Thomas A. McMahon, ”Muscles, reflexes and locomotion”, 1984 UR Library call: 591.47-

MAC
10. John C. Rothwell, ”Control of human voluntary movement”, 1993 UR Library call: 612.76-

ROT

Academic papers will also be used to cover e.g.Valero-Cuevas2. Key papers should either be
available via the university library, online or on blackboard.

2Francisco J Valero-Cuevas, M Elise Johanson, and Joseph D Towles (2003). “Towards a realistic biomechanical
model of the thumb: the choice of kinematic description may be more critical than the solution method or the
variability/uncertainty of musculoskeletal parameters”. In: Journal of biomechanics 36.7, pp. 1019–1030.
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3 Biomechanics

3.1 The words

Bioengineering Engineering
Biomedical engineering Medical Engineering
Biomechanics Mechanics
Biophysics Physics
Biochemical Chemical
Biofeedback Feedback
Biotechnology Technology
Biocybernetic Cybernetic

Biosphere
Biorhythmn
Biological
Bionic

⇐
Look up these words and assess how you identify with the areas they describe.

3.2 Definitions

Prosthetic (external, implants)
Orthotic (external, implants)
Exoskeleton
Rehabilitation aid
Assistive aid
(please expand)

3.3 People (real and fictional) in biomedical

engineering

⇐Short exercise. Find out about the following people who are either users or inventors coming from
biomedical engineering.

Aimee Mullins
David Gow and Campbell Aird
Hugh Herr (MIT)
Steve Austin
John Charnley
Per-Ingvar Br̊anemark
Robert Riener and Gery Colombo (Lokomat)
Rory Cooper
Saeed Zahedi
Sophie de Oliveira
Todd Kuiken and Kevin Englehart
Joel Gibbard and Samantha Payne
Marcia O’Malley (Rice University)
Michelle Johnson (Grasp lab UPenn)

⇐Choose a person in the above list and be ready to answer these questions

• Why are they famous?
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• What is the (principal) technology?
• What does the technology attempt to do?
• What is the cost and what is the benefit?

Should anyone else that could be on this list?

4 Anatomical overview

4.0.1 Anatomical directions, movements and planes

Extension/Flexion
Proximal/distal
Superior/inferior
posteria (behind)/anterior (in front of)
dorsal(towards the spine)/ventral(towards the belly)
Medial(to the middle)/lateral (to the side)
Bilateral/unilateral
ipsilateral (same size as)/contralateral (oposite side)
(please cross check and expand)

b3
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plane sagittal

plane

transverse
plane
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inferior

left
right anterior

posterior

FIGURE A.2.1. Body coordinate system.
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CM
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FIGURE A.2.2. Reference landmarks for the location of center of gravity.

300 Appendix 2: Geometric Properties of the Human Body

Figure 1: Primary human movement planes. (Tozeren 1999)

See also (https://en.wikipedia.org/wiki/Anatomical_terms_of_location) and (https:
//en.wikipedia.org/wiki/Anatomical_plane) ⇐

Identify

• Sagittal (longitudinal) plane
• Parasagittal
• Horizontal (axial or transverse) plane
• Coronal (frontal) plane

Why is it called the Saggital or Coronal plane?

4.1 Degrees of freedom

A spacial mechanisms exist in 3D space and can uniquely fix a coordinate frame with up to 6
degrees of freedom (3 positions, 3 orientations)
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A planar mechanisms exist in a plane and can uniquely fix a coordinate frame with up to 3
degrees of freedom (2 positions, 1 orientation)

• Serial chains

– e.g. most extremities (arms/legs)

• Parallel chains

– e.g. rib cage
– Steward platform

• mixed

– e.g. delta robot

An active degree of freedom is a joint that is associated with an actuator.
In a serial chain, n active degrees of freedom can be linked with at least n actuators (for example

most joints have extensor and flexor muscles)
If n degrees of freedom are linked to fewer than n actuators at least one degree of freedom must

be passive.

4.2 The lower joint pairs (The 6 Reuleaux pairs)

Lower pairs are joints where the two suface constraints remain in contact.
Name (Symbol) DoF contains type example
Revolute (R) 1 R planar a pin joint or hinge
Prismatic (P) 1 P planar a drawer
Helical (H) 1 R+P 3D a screw or a nut and bolt
Cylindrical (C) 2 R+P 3D a radio aerial
Spherical (S) 3 3R 3D shoulder
Sliding/Flat (F) 3 R+2P 3D knee

The screw joint can be considered as the most general robot joint. All rigid motion of links in
a robot can be described as a combination of screw motions. ⇐
Question, how does a screw joint represent

• a revolute joint
• a prismatic joint?
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Figure 2: The 6 Lower pairs (slideplayer.com/ ../The+Six+Lower+Pair+Joints.jpg)

4.3 Anatomical joints

The Atlas is the first bone in the spine (C1) that supports the skull.
The Axis is the bone immediately below (C2) that enables the head to rotate left/right.
Forward and backwards, and sizeways movements of the head are distributed along C2 to C7

5 Materials
⇐• What is the definition of a material?

• Is it only solid or are liquids and gasses also materials? Any others?

⇐What is
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Chart created using CES EduPack 2019, ANSYS Granta © 2020 Granta Design

• A ceramic?
• A composite?
• A metal (alloy) ?
• A foam?
• A polymer?
• An elastomer?

⇐
For the above groups, in what class would you consider the following materials

• Aluminium (dural)
• Brick
• Concrete
• Cork
• Nylon
• Polystyrene
• Steel
• Stone
• Titanium
• Wood

⇐
Can you define

• density?
• strength?
• stiffness?

5.1 Biomaterials

⇐• List some of the materials in animals?
• Are cells responsible for all material manufacture in animals?
• Give some examples of cells that make biomaterials?

6 Vector revision
Much of this lecture will be in standard engineering maths books such as Stroud3

Vectors, what even are they?: 3Blue1Brown (https://www.youtube.com/embed/fNk_
zzaMoSs)Vectors : 8.01 Classical Mechanics(Walter Lewin) (https://www.youtube.com/embed/
hgkKE8szT18)

3K.A. Stroud and Dexter J. Booth. (2013). Engineering mathematics. Palgrave Macmillan.
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6.1 Vectors

A vector ~f is an ordered sequence of n numbers. These numbers can be real in which case ~f ∈ Rn or
complex numbers where ~f ∈ Cn. A vector has a magnitude and a direction so it can be considered
to represented as an arrow in n dimensions.

One way to consider the array of numbers representing a vector is as an n× 1 column matrix
(n rows 1 column). For example a vector representing a point in space could be written as
~f =

[
1 2 3

]T
An inner and an outer product between two vectors can be defined.

6.1.1 dot product (inner product)

The dot product of two vectors, or a vector with itself requires the vectors have the same number
of elements and results in a scalar value.

• If the vector is defined as a column matrix ~aT =
[
a1 a2 . . .

]
then the dot product ~a ·~r = ~aT~r

• If the vector is defined as a set of values ~f = (f1, f2, . . . fn) then the dot product ~f ·~r =
∑n

i firi
• If the angle between two vectors is θ the dot product is ~f · ~r = |~f | |~r| cos θ

if ~r is a basis vector for a coordinate frame (see below) then the dot product of ~f ·~r is the component

of ~f along the axis that has ~r as its basis vector.
The dot product is commutative i.e. ~a · ~r = ~r · ~a
The magnitude of a matrix can be calculated from the dot product. That is |~f | =

√
(~f · ~f) or

if the vector is considered as a 1 column matrix, |~f | =
√

(~fT ~f)

6.1.2 cross product (outer product)

The cross product of two vectors, or a vector with itself requires both vectors to be in R3 and
results in a vector also in R3 . The cross product is not commutative (so ~f × ~r 6= ~r × ~f)

• If the angle between two vectors is θ the cross product is ~f × ~r = |~f | |~r| sin θ and is

perpendicular to ~f and ~r with the direction determined by the right hand rule
• Calculated with i, j, k: If we have two vectors ~p = (p1, p2, p3) and ~q = (q1, q2, q3) we can

associate i, j, k with the first, second and third elements of a vector. The cross product is
then

~p× ~q =

∣∣∣∣∣∣
i j k
p1 p2 p3
q1 q2 q3

∣∣∣∣∣∣
• Calculated as a Matrix times a vector: It is possible to write a vector in Skew form (also

called adjoint form) so

~p⇒ p× = P̃ =

 0 −p3 p2
p3 0 −p1
−p2 p1 0


A skew matrix is one where ST = −S . This particular matrix has some interesting properties but
in this context it allows the cross product to be written as a matrix times a vector so

~p× ~q = ~p×~q =

 0 −p3 p2
p3 0 −p1
−p2 p1 0

q1q2
q3
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6.2 Coordinate frames

A coordnate frame is defined by a set of basis vectors that need to be non-coplanar and are usually
orthogonal.

A coordinate frame is usually asociated with an object (or vectors) and allows invariants of
that object to be captured in a more convenient way

What is a Tensor: Dan Fleisch (https://www.youtube.com/embed/f5liqUk0ZTw) Pri-
mary points for this part are made between 0 and 7:20 minutes

6.3 Force equivalence

Multiple forces acting on a point or pin can be replaced by a single force. This force is the vector
sum of all force vectors. a force can be represented as a sum of force vectors

An unbalanced force (or vector sum of forces) will result in an acceleration. An unbalanced
torque (a vector sum of torques) will results in angular acceleration.

A comment on Static and dynamic systems

• A static system only has fixed elements in a particular coordinate frame
• A dynamic system has moving elements in a particular coordinate frame. If these elements

move together they can be assigned a coordinate frame
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7 Mechanics

7.1 Energy

Potential (stored) energy, due to gravity or an energy store Kinetic energy, due to a linear or
angular velocity

Energy in a closed system must be conserved
Some energy forms are

magnetic (flux and magnetic intensity)
mechanical - kinetic
thermal - heat
light (EM waves)
gravitational potential
chemical - chemical bonds
sound - pressure and velocity
electrical (voltage and current)
elastic potential
nuclear (mass to energy exchange)

Mechanisms to dissipate energy

• Heat
• Sound
• Light
• Chemical reaction
• Any others?

7.2 efforts (force)

• force
• torque
• Shear
• pressure
• stress

7.3 flows (velocity)

• position, velocity, acceleration
• angular speed, angular acceleration
• strain, deflection

7.4 Centre of mass, momentum and moment of inertia
(vector forms)

Please familiarise yourself with the concept of centre of mass (see youtube links below)

Center of mass: Matt Anderson (https://www.youtube.com/embed/lPZg7PKwJN0)Center
of mass: Khan Academy (https://www.youtube.com/embed/VrflZifKIuw)Centre of mass: Doo-
dle Science - GCSE (https://www.youtube.com/embed/pjK_3RuiCXk)
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Mass m is a (scalar) property of an object in space and dictates the acceleration of that object

when a force ~f is applied. Determined by Newton’s equation ~f = m~a or f = d~p
dt

where ~p is
the momentum (mass × velocity) of the object.

Momentum (~p) can be expressed as a vector and is a conserved property leading to translational
invariance.

Weight is a property of an object in a gravitational field. If that object is not moving then the
Weight relates to the force that the gravitational field applies to the mass. What is the weight of

a 1Kg mass when it is on the moon?

Moment of inertia J (or sometimes I) is a (matrix) property of an object that relates to spinning
and dictates the angular acceleration ~̇ω of that object when a torque ~τ is applied. This is
embodied by Newton-Euler’s equation

~τ = J~̇ω + ~ω × J~ω (1)

When considering an object spinning around its centre of mass, J is a diagonal matrix, so the
term ~ω × J~ω vanishes (angle between vectors is 0 hence cross product is 0).

Angular momentum L(or moment of momentum), is J~ω. Newton-Eulers equation
(eq 1), parallels Newtons equation for linear momentum so ~τ = dL

dt

Gyroscopic precessions: Veritassium (https://www.youtube.com/embed/ty9QSiVC2g0)Bizarre
spinning toys: Physics girl (https://www.youtube.com/embed/1Tx7FgZuV3U)Space-DRUMS han-
dle (Dynamically Responding Ultrasonic Matrix System) (https://www.youtube.com/embed/
1n-HMSCDYtM)

7.5 Conserved quantities (Noether’s first theorem)

Noether’s theorem - named after Emmy Noether - relates conserved quantities to invariance4. See
(https://www.discovermagazine.com/the-sciences/how-mathematician-emmy-noethers-theorem-changed-physics)

continuous symmetry continuity
time (experiments that give the same result today as yes-
terday)

Conservation of energy/mass

space (things happen the same in different places) Conservation of momentum
orientation (ditto orientation) Conservation of angular momentum
wave function/Gauge invariance (e.g. light is the same
everywhere)

Conservation of electric charge

Common symbol relationships
Energy E 1

2
mv2 (KE), 1

2
Kx2 (PE spring), mgh (PE mass

Linear momentum p f = dp
dt

Angular momentum L ~L = J~ω = ~r × ~p τ = dL
dt

7.6 Example of conservation of energy and angular
momentum

Spheres and cylinders rolling down an incline: Flipping physics (https://www.youtube.com/

embed/jaqS5dJlrjY) Angular Momentum in gymnastics: OpenStax (https://www.youtube.
com/embed/FmnkQ2ytlO8)

4Máximo Bañados and Ignacio A. Reyes (2016). A short review on Noether’s theorems, gauge symmetries and
boundary terms. doi: 10.1142/S0218271816300214. arXiv: arXiv:1601.03616. url: https://arxiv.org/

pdf/1601.03616.pdf.
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8 Statically balanced pin jointed structures

(trusses)

8.1 Notation

• a pin (joint) can not transmit torque
• a break in a link
• a grounded surface
• a support
• a sliding support (only transmits forces perpendicular to the surface

Figure 3: Illustration of a pin joint showing the forces applied to each element. Clockwise from the
top left are, the joint showing the forces on a link; the forces on the pin; forces on the pin; forces
on the support; forces on the wall.

Figure 4: Illustration of a sliding support that can only transmit forces perpendicular to the surface
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Statically balanced pin jointed structures are integral in most engineering courses so there
is plenty of material on line. For example the principles needed for this course can be found at
(http://www.engineersdaily.com/2011/01/3-methods-for-truss-analysis.html)

8.2 A Triangle

8.3 Method of breaking connecting links to calculate
the forces

8.4 The foot as a pin jointed structure

9 Mechanical Energy flow

Power P = ~f · ~v = ~T · ~ω where ~f is a force vector, ~v is a velocity vector, ~T is a torque vector,
and ~ω is an angular velocity vector.

Since Power is rate of change of energy P = dE
dt

we can quantify energy as

E =

∫
~f · ~vdt

Passivity is a measure of overall energy flow usually considered as several one dimensional terms.
Consider energy flow as

E(t) =

∫ t

0

f(τ)v(τ)dτ

We can consider this energy flow as being across a single boundary, across a surface (boundary)
enclosing the entire element of interest, or into ports within a system.

If we wish to apply the law of conservation of energy we need to account for all energy flowing
across an enclosing surface or boundary and all energy stored within that boundary. In most cases
we will simply accept that heat energy is transferred across the boundary and will account for any
imbalance.

We can use definitions such as strict passivity where energy only flows into the system, or
passivity where, energy may be stored, but over time, energy will be released from the system.

Strictly passive at 1 port (non-enclosing boundary)

• resistors, and mechanical dampers.

Passive at 1 port (non-enclosing boundary)
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Figure 5: Simple pin joint structure

• inductors, inertia, springs, capacitors

Passive at all boundaries

• Transistors, hydraulic/pneumatic pistons, electric motors

Given this definition we can choose our coordinates so that when the product Fextv is positive,
power (and energy) is flowing into the system.

We can use change of variables if need be so

E =

∫ t1

t0

Fextẋdt =

∫ x(t1)

x(t0)

Fextdx

Example: Linear spring for x1 < x2

E = K

∫ x1

x0

xdx =
K

2

(
x21 − x20

)
Which is positive so energy flow is into the system.
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Figure 6: Pin jointed structure (engineeringdaily.com method for trust analysis)

Figure 7: Foot ’Windlass’ mechanism (physio-pedia.com Foot and ankle structures)

10 Mechanical Energy flow

Power P = ~f · ~v = ~T · ~ω where ~f is a force vector, ~v is a velocity vector, ~T is a torque vector,
and ~ω is an angular velocity vector.

Since Power is rate of change of energy P = dE
dt

we can quantify energy as

E =

∫
~f · ~vdt

Passivity is a measure of overall energy flow usually considered as several one dimensional terms.
Consider energy flow as

E(t) =

∫ t

0

f(τ)v(τ)dτ

We can consider this energy flow as being across a single boundary, across a surface (boundary)
enclosing the entire element of interest, or into ports within a system.

If we wish to apply the law of conservation of energy we need to account for all energy flowing
across an enclosing surface or boundary and all energy stored within that boundary. In most cases
we will simply accept that heat energy is transferred across the boundary and will account for any
imbalance.

We can use definitions such as strict passivity where energy only flows into the system, or
passivity where, energy may be stored, but over time, energy will be released from the system.

Strictly passive at 1 port (non-enclosing boundary)
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Figure 8: Energy flow in passive components is positive if energy is lost

• resistors, and mechanical dampers.

Passive at 1 port (non-enclosing boundary)

• inductors, inertia, springs, capacitors

Passive at all boundaries

• Transistors, hydraulic/pneumatic pistons, electric motors

Given this definition we can choose our coordinates so that when the product Fextv is positive,
power (and energy) is flowing into the system.

We can use change of variables if need be so

E =

∫ t1

t0

Fextẋdt =

∫ x(t1)

x(t0)

Fextdx

Example: Linear spring for x1 < x2

E = K

∫ x1

x0

xdx =
K

2

(
x21 − x20

)
Which is positive so energy flow is into the system.
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Figure 9: Energy flow in passive components is positive if energy is lost

10.1 Energy of movement

10.1.1 Metabolic and Mechanical Energy measurement

Metabolic power is estimated from oxygen consumption based on the energy being released from
food. Burning 1 cm3 of O2 releases about 20 Joules of energy.

Mechanical power is measured as the power delivered by the human (or animal). For example
using a bicycle ergometer.

Metabolic power is approx 4 x mechanical power (an estimate of the efficiency of the human
machine)

• Human peak power is about 1400 watts (measured on an ergometer with both hand and foot
pedals.)

• Human powered flight requires 250 watts (e.g. Gossamer Albatross)

Metabolic resting O2 consumed is about 3.5 litre/min/kg i.e. about 1.1 kW Metabolic equivalent
of task (MET) is an imprecise definition where 1 MET is the metabolic energy per kilogram used
when a person is resting. Thus

M =
1

3.5

y

m

where M is the metabolic equivalent of a task (MET), y is the oxygen consumed per minute, m is
the person weight.
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Figure 10: Left:Oxygen consumption vs Mechanical power on a bicycle ergometer.
Right: Schematic of a bicycle ergometer.
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Figure 11: Metabolic Power vs speed for men.5
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Figure 12: Left: Mechanical power that an athlete on a bicycle ergometer was able to sustain
(from D.R. Wilkie (1985) J. exp Biol. 115 1-13) Right: Metabolic power extrapolated for world
record speeds (1986) over 5-10km (based on Prampero (1986) Int. J. Sports Med. 7 55-72)
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Notes

• muscles have an optimal performance region.
• Power extraction requires a cyclic action.

Factors that effect power include

• Person’s level of fitness
• Level of fatigue
• Posture,
• Nature of the force-velocity cycle — eg rowing vs cycling

Number of subjects Mean mass Mean max power
Kg W (W/Kg)

Male Sprinters 10* 72 1221 (17.1)
rugby forwards 17 91 1221 (13.3)
hockey players 12* 68 1011 (14.8)
endurance runners 12 64 758 (11.7)
recreational 7 65 813 (12.4)

Women sprinters 56 793 (14.1)
recreational 7 59 594 (10.2)

Maximum power output in bursts of about six seconds on a bicycle ergometer from the data
of H. Vandewalle et al. (1987) Eur J. appl. physiol. 56 650-656 From R McNeill-Alexander The
human machine - Groups marked * were mostly or all members of the French national team

10.1.2 Further research

Look up the work of Eadweard Muybridge (e.g. www.artsmia.org/playground/muybridge) also
lookup Harold Edgerton who worked at MIT in the middle of the last century.

10.1.3 Inertial measurements, Pedometers, and Activity monitors

Modern activity monitors are based in part on mechanical pedometers. A lever was used as a
mass-spring-damper mechanism. This in turn connects to a cycle counter.

Key to figure 13

1. Spring adjustment scale?
2. Weight is red
3. Lever
4. Gear train
5. Spring
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Figure 13: Mechanical Pedometer patent- see explainthatstuff.com and US Patent 758405 (1904
Gustav Bunzl)

Modern pedometers and fitness bands replace the mass-lever mechanism with an accelerometer6

and7. This means that there is no longer a resonant frequency that can be tuned to the cadence of
walking.

Manufacturers do not publish details of their algorithms, but it appears that algorithms either
try to simulate individual step counts as per the original mechanical pedometers, or band pass
filter the data at about 0.75 Hz (possibly with a bandwidth of 2-4Hz), threshold filter output and
summate over a 30 second or 1 minute epoch. This appears to amount to about 35-40 counts
per step (heel strike to heel strike). (see (https://actigraph.desk.com/customer/en/portal/
articles/2515580-what-are-counts-) for details such as they exist.

A rough estimate of energy can be made by averaging the vertical acceleration while walking,
and using this to estimate the change in potential energy of the persons centre of mass.

Metabolic Equivalent of Task The MET is calculated from counts, that is the output of a
band-pass filter with a mid point of about .75 Hz, that is thresholded and summed over a minute,
roughly corresponding to steps per minute.

6Rachel King et al. (2016). “Application of data fusion techniques and technologies for wearable health
monitoring”. In: Medical Engineering & Physics. doi: 10.1016/j.medengphy.2016.12.011.

7Neil Zhao (2010). Full-Featured Pedometer Design Realized with 3-Axis Digital Accelerometer. Tech. rep.
Analog Devices. url: http://www.analog.com/media/en/analog-dialogue/volume-44/number-2/articles/

pedometer-design-3-axis-digital-acceler.pdf.
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Freedson Adult (1998)
Freedson Treadmill Adult (1998) MET Rate = 1.439008 + (0.000795 * CPM)
Crouter Adult (2010)
Hendelman Adult Overground (2000) MET Rate = 1.602 + (0.000638 * CPM)
Hendelman Adult Overground and
Lifestyle (2000)

MET Rate = 2.922 + (0.000409 * CPM)

Swartz Adult Overground and Lifestyle
(2000)

MET Rate = 2.606 + (0.0006863 * CPM)

Leenders Adult Treadmill (2003) MET Rate = 2.240 + (0.0006 * CPM)
Yngve Adult Treadmill (2003) MET Rate = 0.751 + (0.0008198 * CPM)
Yngve Adult Overground (2003) MET Rate = 0.751 + (0.0008198 * CPM)
Brooks Adult Overground (2005) MET Rate = 2.32 + (0.000389 * CPM)
Brooks Adult Body Mass & Overground
(2005)

MET Rate = 3.33 + (0.000370 * CPM) - (0.012 * BM)

Freedson Children (2005) MET Rate = 2.757 + (0.0015 * CPM) - (0.08957 *
Age) - (0.000038 * CPM * Age)

CPM=Counts per minute
Age = age in years
BM=Body Mass in kg

Mortazavari8 estimates that errors in measurement of up to 80% in MET calculations using step
counts computed from accelerometers

10.2 Walking cadence, Tudor-Locke et al.

Walking cadence and exercise intensity9.
Study of 76 healthy adults (10 men and 10 women representing each 5-year age-group category

between 21 and 40 years)

• 5-min treadmill bouts at differing speeds
• Measured walking cadence and MET

Paper looking for the relationship between cadence (stepcount) and metabolic energy costs, i.e.
using steps to predict energy.

x.x

8Bobak Mortazavi et al. (2013). “MET calculations from on-body accelerometers for exergaming movements”.
In: Body Sensor Networks (BSN), 2013 IEEE International Conference on. IEEE, pp. 1–6.

9Catrine Tudor-Locke et al. (2019). “Walking cadence (steps/min) and intensity in 21–40 year olds: CADENCE-
adults”. In: International Journal of Behavioral Nutrition and Physical Activity 16.1, p. 8. doi: 10.1186/s12966-
019-0769-6. url: https://ijbnpa.biomedcentral.com/articles/10.1186/s12966-019-0769-6.
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Figure 14: Using cadence as a simple classifier for MET levels (Tudor-Locke Figure 2)

Figure 15: Recalculation of Tudor-Locke’s data. Left fig: Effect of obesity (red dots). Right fig:
Energy efficiency curves following Fig 11. Blue dots males, red dots females.

10.2.1 Discussion, and criticisms?

Thoughts about

• validity of the classifier.
• translation to Fitbit etc

11 Stress, strain and strength of materials
The website ’Strength of Materials’ at (https://mechanicalc.com/reference/strength-of-materials)

provides an appropriate introduction to strength of materials, and has been included as an ap-
pendix to these notes. These notes are assumed to be copyright by Mechanicalc so should not be
distributed.

And will review the following sections

Stress and Strain (https://mechanicalc.com/reference/strength-of-materials#stress-and-strain)
(Hooke’s law, strain energy)

Stiffness (https://mechanicalc.com/reference/strength-of-materials#stiffness) (Struc-
tures with multiple load paths)

Stress concentration (https://mechanicalc.com/reference/strength-of-materials#stress-concentration)

11.1 Stress in beams and bones

For an isotropic material, with stress along a single axis the principal strain can be calculated from
the stress and Young’s modulus as ε33 = σ33

E
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I ¼ 250� 203

12
mm4 ¼ 1:67� 105mm4

F ¼ 1600mm

40mm
kgf ¼ 40kgf

M ¼ 40� 9:81N� 1600mm

8
¼ 7:85� 104N mm

smax ¼ 7:85� 104 N mm� 10 mm

1:67� 105 mm4
¼ 4:7 N mm�2 ¼ 4:7 MNm�2

d ¼ 5� 40� 9:81N� 16003 mm3

384� 104 N mm�2 � 1:67� 105mm4
¼ 12:5 mm

The shelves will not break but they will deflect noticeably. The deflection is just

about acceptable aesthetically, but it may increase with time due to creep (see

Chapter 20). One solution would be to turn the shelf over every six months.
This will not be popular, however, and you are better advised to increase the

thickness instead.

A NOTE ON STRESSES AND STRAINS
IN 3 DIMENSIONS

When we look at stresses in real components—and the elastic strains these cre-

ate—it is useful to have a simple shorthand way of describing them. The follow-
ing figure shows that, no matter how complicated the loadings are on the

component, we can express the stresses at any given point in terms of 3 tensile

stresses and 6 shear stresses acting on a small “test cube.”

Loaded material

Small
“test cube”

1 2

2

3

1

�11
�12 �21

�22

�23

�32

�33

�31

�13

3
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Figure 16: Coordnates for stress calculations, see [Ashby2011]

For an isotropic material, the stress on all three principal axes, the strain can be calculated as
ε33 = σ33

E
− ν σ22

E
− ν σ11

E

Where ν (nu) is the Poisson ratio.

12 Ashby materials selection charts
The following materials charts are part of a materials selection process championed by Michael

Ashby10. Also see Ashby and Jones 201111.

10Michael F. Ashby (2016). Materials Selection in Mechanical Design. Elsevier.
11M.F. Ashby and D.R.H. Jones (2011). Engineering Materials 1 : An Introduction to Properties, Applications

and Design. Elsevier Science & Technology. url: http://idpproxy.reading.ac.uk/login?url=http:

//lib.myilibrary.com?id=405358.
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Chart 1:  Young's modulus,  E  and Density,  ρρρρ 

 This chart guides selection of materials for light, stiff, 
components.  The moduli of engineering materials span a 
range of 107;  the densities span a range of 3000.  The 
contours show the longitudinal wave speed in m/s; natural 
vibration frequencies are proportional to this quantity.  
The guide lines show the loci of points for which 

• E/ρ  =  C  (minimum weight design of stiff ties; 
minimum deflection in centrifugal loading, etc) 

• E1/2/ρ =   C  (minimum weight design of stiff beams, 
shafts and columns) 

• E1/3/ρ  =  C  (minimum weight design of stiff plates) 

 

The value of the constant  C  increases as the lines are 
displaced upwards and to the left; materials offering the 
greatest stiffness-to-weight ratio lie towards the upper left 
hand corner.  Other moduli are obtained approximately 
from  E  using 

• ν  = 1/3;   G = 3/8E;  EK ≈  (metals, ceramics, 

glasses and glassy polymers) 

• or 5.0≈ν ;  3/EG ≈ ;  E10K ≈  (elastomers, 

rubbery polymers) 

where  ν  is Poisson's ratio,  G  the shear modulus and  K  
the bulk modulus. 
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Chart 2:  Strength,  σσσσf,  against Density,  ρρρρ 

 This is the chart for designing light, strong 
structures.  The "strength" for metals is the 0.2% offset 
yield strength.  For polymers, it is the stress at which the 
stress-strain curve becomes markedly non-linear - 
typically, a strain of abut 1%.  For ceramics and glasses, it 
is the compressive crushing strength; remember that this is 
roughly 15 times larger than the tensile (fracture) strength.  
For composites it is the tensile strength.  For elastomers it 
is the tear-strength.  The chart guides selection of 
materials for light, strong, components.  The guide lines 
show the loci of points for which: 

(a) σf/ρ    =   C   (minimum weight design of strong 

ties; maximum rotational velocity of disks) 

(b) σf
2/3

/ρ  =  C   (minimum weight design of strong 

beams and shafts) 

(c) σf
1/2

/ρ  =  C   (minimum weight design of strong 

plates) 

The value of the constant  C  increases as the lines are 
displaced upwards and to the left.  Materials offering the 
greatest strength-to-weight ratio lie towards the upper left 
corner. 
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Chart 3:  Young's modulus,  E, against Strength, 

σσσσf 

 The chart for elastic design. The "strength" for metals 
is the 0.2% offset yield strength.  For polymers, it is the  
1% yield strength.  For ceramics and glasses, it is the 
compressive crushing strength; remember that this is 
roughly 15 times larger than the tensile (fracture) strength.  
For composites it is the tensile strength.  For elastomers it 
is the tear-strength.   The chart has numerous applications 
among them: the selection of materials for springs, elastic 
hinges, pivots and elastic bearings, and for yield-before-
buckling design. The contours show the failure strain, 

E/fσ .  The guide lines show three of these; they are the 

loci of points for which: 

(a) σf  /E      =  C (elastic hinges) 

(b) σf
2
 /E     =  C (springs, elastic energy 

storage per unit volume) 

(c) σf 
3/2

/E =  C (selection for elastic 

constants such as knife edges; elastic diaphragms, 
compression seals) 

 The value of the constant  C  increases as the lines are 
displaced downward and to the right. 

 

13 Biomaterials

13.1 Some material properties

Material Tensile strength(σf) Youngs modulus (E) Density (ρ)
MPa GPa Mgm−2

trabecular bone 10.4-14.8∗

cortical bone 70+ 18.6-20.7∗

cortical bone (transverse) 5-13+

ABS M30 (3D printer) 31 [1] 2.23 1.04
ABS M30 (transverse) (3D printer) 26 [1] 2.18 1.04
Carbon fibre reinforced polymer (CFRP) 800 150 1.5
Dural Aluminium 483 73 2.8

Note [1] Along build plane/normal to build plane

GPa = Giga Pascal = 109Nm−2

MPa = Mega Pascal =106Nm−2

Density is in g/cm3 or Mg/m3

Sources

∗ J Biomech. 1993 Feb;26(2):111-9.
ABS-M30 is the typical material used in the schools 3D printer (Stratosyst F170)
+ CUED TLP on bone
Ashby12, Wikipedia, engineering toolbox (https://www.engineeringtoolbox.com/young-modulus-d_

417.html) and Stratosyst Material datasheet

12Michael F. Ashby (2016). Materials Selection in Mechanical Design. Elsevier.
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Figure 17: Bone structure showing cortical (outer) and trabecular(spongy) bone see (https:
//bioactive-collagen-peptides.com/effects-bones)
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Figure 18: Sections of the femor showing principal lines of stresses in the femoral head and the thick-
ening in the bone shaft, see (https://depts.washington.edu/bonebio/ASBMRed/structure.
html)
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13.2 Structure of bone and implant materials

For this section please use the Cambridge Teaching and Learning Package ’Structure of bone and
implant materials’ (https://www.doitpoms.ac.uk/tlplib/bones/) and try the quick questions
at the end and possibly deeper questions 5 and 6

(Please note the Cambridge course has materials as swf (flash) files. This format is no longer
supported and this material is not needed so should not be viewed.)

Cambridge Teaching and Learning Package

• Aims (https://www.doitpoms.ac.uk/tlplib/bones/aims.php?printable=1)
• Before you start (https://www.doitpoms.ac.uk/tlplib/bones/prereqs.php?printable=
1)

• Introduction (https://www.doitpoms.ac.uk/tlplib/bones/intro.php?printable=1)
• Structure and composition of bones (https://www.doitpoms.ac.uk/tlplib/bones/structure.
php?printable=1) (ignore swf)

• Formation and remodelling of bone (https://www.doitpoms.ac.uk/tlplib/bones/formation.
php?printable=1) (ignore swf)

• Mechanical properties of bone (https://www.doitpoms.ac.uk/tlplib/bones/bone_mechanical.
php?printable=1) (ignore swf)

• Bone replacement (https://www.doitpoms.ac.uk/tlplib/bones/bone-replacement.php?
printable=1)

• An introduction to hip replacement (https://www.doitpoms.ac.uk/tlplib/bones/hip.
php?printable=1)

• Material selection (https://www.doitpoms.ac.uk/tlplib/bones/selection.php?printable=
1)

• Materials for femoral stem (https://www.doitpoms.ac.uk/tlplib/bones/stem.php?printable=
1) (ignore swf)

• Materials for femoral head and acetabular cup (https://www.doitpoms.ac.uk/tlplib/
bones/head.php?printable=1)

• Summary (https://www.doitpoms.ac.uk/tlplib/bones/summary.php?printable=1)

• (https://www.doitpoms.ac.uk/tlplib/bones/questions.php)
• (https://www.doitpoms.ac.uk/tlplib/bones/links.php)

14 Moment and stresses in shear loaded

beams
• Bones and buildings both need to resist shear forces, ie forces causing the material to slide

rather than pull apart.
• Analysis of a beam gives insight into both tensile/compressive forces and shear forces.
• Can considering two types of beam

– Cantilever, supported on one end with a force and torque from a ’wall’
– Bridge, supported at both ends

• Can identify the forces in the material and from this identify how much they will deform
with a load

• The forces, along with the Young’s modulus and a second moment of area (see below) allows
for prediction of the structures deflection.

15 Shear force and bending moment diagrams
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Figure 19: Bending moment and shear force diagram for a cantilever

We can consider the internal forces in a material. These are not homogeneous, rather they vary
along the length and through the height of the beam

The internal forces can be analysed in a cantilever beam. A first insight is possible by considering
the how the shear force and bending moment vairy along the beam. Note that the bending moment
arises from tensile and compressive forces along the notional ’cut’ but these forces are agregated
into a single moment.

The shear force and bending moment of a bridge structure (double supported) can likewise be
analysed. In this case it may be helpful to consider a load force FL that occurs some percentage
p/L along the beam. For example if p/L = 0.2, i.e. 20% then FA = 0.8FL and FB = 0.2FL. This
simplifies the calculation of FA and FB that are needed to work out both the shear force and the
bending moment. These will be calculate for the left most face. Equal and oposite forces for the
right face of the ’cut’ must be in place for the beam to remain in place.

16 Formulae for beam deflection and

rotation
Further analysis of the forces in the beam allow a calculation of the end difflection and slope.

These calculations may provide a rapid first estimate of forces in, for example, an internal prosthesis
to facilitate material selection.
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Shear force diagram
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Figure 20: Bending moment and shear force diagram for a bridge with a load

This force/bending analysis is known as Euler-Bernoulli beam theory. This allows standard
formulae to be calculated as shown in the figure

below (fig /reffig:Eulerbeams). Note E is the Youngs/Elastic modulus, and I is the second
moment of area of the beam/bone cross-section (See section on Second moment of area). The
second moment of area will be along an axis out of the page that passes through what is called the
’neutral axis’ where there are no tensile/compressive forces.

16.1 Second moment of area

The defintion of I of some 2 dimensional region R about some axis x− x is

Ixx =

∫
R
ρ2dA

where ρ is the perpendicular distance to axis x− x
In cartesian coordinates for the x− y coordinate frame this is

Ixx =

∫ y2

y1

∫ x2

x1

y2dxdy

Often the order of integration does not matter as long as the limits of integration are preserved so

Ixx =

∫ x2

x1

∫ y2

y1

y2dydx
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Figure 21: See (http://www.eng.cam.ac.uk/DesignOffice/databooks/2002/structural.pdf)

16.2 Table of some second moments of area

All the following shapes have the centre of area at the origin of the coordinate system, hence can
be used with the parallel axis theorem to find the second moment of area of more complex shapes.
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A filled ellipse Ix = π
4
ab3 Iy = π

4
a3b

A circle Ix = Iy = π
4
r4

An annulus Ix = π
4

(r42 − r41)

A rectangle Ix = bh3

12
Iy = b3h

12

A circle segment/sector Ix = (θ − sin θ) r
4

8
valid only for 0 < θ < π

16.2.1 Addition and subtraction

Second moment of areas can be added and subtracted provided they are all refered to the same
axes. To do this it may be necessary to invoke the parallel axis theorem

16.2.2 Parallel axis Theorem

If the second moment of area of a shape about the centre of area is Ix then the second moment of
area of that same shape about a parallel axis displaced by a distance d from the principal axis is

Ix′ = Ix + Ad2
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Where A is the area of the shape

16.3 Definitions and concepts

gait cycle A complete stride from heel strike to heel strike
Step length distance between left and right foot placement
Stride length distance covered in one gait cycle
stride 2 steps or 1 pace
Cadence steps per second

Ref (https://www.utdallas.edu/atec/midori/Handouts/walkingGraphs.htm) see also (http:
//doi.org/10.1177/0309364613485112)

The roman definition of a pace is two steps. Since a roman mile is defined as 1 mile=1000
paces this gives a step as approx 800mm

16.4 Motion capture (measuring movement)

There are broadly two approaches to measuring gaits, the first approach tends to be camera based
where measurements are made with respect to markers or sensors in the room and on the body.
The second approach is intrinsic in that it does not (in theory) confine the individual to a motion
capture laboratory or a gait laboratory.

• Absolute metrics (camera, time of flight or triangulation)

– Eadweard Muybridge’s cameras
– Passive (optical) markers e.g. VICON markers and IR cameras
– Active markers e.g. Ultrasound beacons, infrared emitters
– Image processing techniques (e.g. Kinect camera )

• Intrinsic (Inertial methods)

– Accelerometers and gyroscopes (search for Xsens.com)

16.5 Vicon like methods

Problems, obscured markers, accuracy vs area/volume of measurement, resolution of individual
markers in each camera image.

Minimal system needs about 4 cameras, a good system will have up to 16. CGI will use many
more.

More cameras mean, 1) possibly greater accuracy (more measurements of the variable), 2) less
chance of obscured markers, 3) larger area coverage. Multiple cameras need greater care with
calibration.

Uses Gait diagnosis and evaluation
GCI for games and movies (e.g. polar express, Lord of the Rings, Rise of the Planet of the

Apes, Tintin)
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Figure 22: Vicon in use at University of Auckland

(https://www.vicon.com/about-us/what-is-motion-capture/)

16.6 Inertial methods

Problem: measures accelerations (accelerometers) and velocities (gyroscopes) so integration to
recover position tends to drift.

16.7 Animal Gaits

Gaits can be static or dynamically stable, symmetrical or asymmetrical and mostly involve an even
number of legs13.

A gait is described by two variables for each foot:

1. Relative phase, phase shift between the different feet
2. Duty factor (fraction of the time spent on the ground)

16.8 Symmetrical gaits

Footfalls of a pair of feet are equally spaced in time

Bipedal Walk – duty factor > 0.5 for each foot
Bipedal run — duty factor < 0.5
Quadruped Trot – feet of diagonal limb pair fall synchronously; duty factor ≈ 0.5
Pace – feet of lateral limb pair fall synchronously; duty factor ≈ 0.5

16.9 Asymmetrical gaits

Footfalls of a pair are not equally spaced in time

Gallop and canter
Half-bound
Full bound
Pronk

13R. McNeill Alexander (1992a). Exploring Biomechanics: Animals in motion. Scientific American Library.

37

auckland.ac.nz/tmk/ses/research/biomechanics/nikki008.jpg
https://www.vicon.com/about-us/what-is-motion-capture/


Figure 23: Muybridge galloping horse (wikimedia.org)

16.10 Human gaits

Biped gait can be considered as several states in two phases
Stance phase

HS= Heel strike
FF=Foot Flat
MS= Mid Stance (centre of gravity over the area of the foot)
HO=Heel Off
TO=Toe Off

Swing phase

SP=Swing
MS=Mid Stance
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Figure 24: Statically stable tripod gaitAlexander 1992a

Figure 25: Symmetric and asymmetric animal gaits
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Figure 26: Energy of travel
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Figure 27: Eadweard Muybridge the man who started it all
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Figure 28: Ground reaction forces during walking
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Figure 29: Ground Reaction Force (GRF) measured below a foot while walking. From (http:
//doi.org/10.1007/978-1-4419-8432-6_3) adapted from Winter DA (1991) The biomechanics
and motor control of human gait: normal, elderly and pathological. University of Waterloo press,
Ontario.
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16.11 bare foot running

(http://barefootrunning.fas.harvard.edu/1WhyConsiderFootStrike.html)
(http://barefootrunning.fas.harvard.edu/4BiomechanicsofFootStrike.html)

17 Muscle and tendon models
• Muscles often in antagonistic pairs since joint needs to move in two directions and muscles

can only apply contractile forces.
• Activations can be monophasic, biphasic or triphasic

Models - See Krylow 199514

• Lumped Parameter (Hill) models
• Cross bridge models (Huxley)

17.1 Contraction cycle

Sarcomere model of contraction

Figure 30: Length Tension relationship for muscle. http://faculty.pasadena.edu/dkwon/

chapt_11

17.2 Tendon mechanics

Tendons contain collagen fibrils. and elastin . Tendons carry tensile forces from muscle to bone
Tendons are visco-elastic, ie strain is time dependent. If this is ignored then there are three regions
can be seen on the stress strain curve: 1) the toe or toe-in region, 2) the linear region and 3) the
yield and failure region. Stress strain graph for tendon Length-Tension relationship for muscle

14Andrew M. Krylow, Thomas G. Sandercock, and W. Zev Rymer (1995). “Muscle Models”. In: The handbook
of brain theory and neural networks. Ed. by Michael A. Arbib. Vol. part 3. MIT Press, pp. 609–613.
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17.3 Proprioceptors

17.3.1 Golgi Tendon organ

Located in the musculotendonous junction, i.e. where the muscle joins the tendon.
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Figure 31: Golgi Tendon Organ

17.3.2 Muscle Spindle

Typical response data appears to be sensitive to length, velocity, acceleration etc
S = f(l, v, a)

17.3.3 Hasan muscle spindle model (1983)

Hasan15 considers two components in the muscle spindle, a sensory section z(t) and a non sensory
section y(t).

The two sections are in series so that the force f(t) is common to both sections.
Length of sensory section is z(t), length of the non-sensory section is y(t) so that the total

muscle length is x(t) = y(t) + z(t)
Sensory section is spring like f(t) = K2z(t)

15Z. Hasan (1983). “A model of spindle afferent response to muscle stretch”. In: J Neurophysiol 49, pp. 989–1006.
eprint: http://jn.physiology.org/cgi/reprint/49/4/989.pdf. url: http://jn.physiology.org/cgi/

content/abstract/49/4/989.
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Figure 32: Muscle spindle receptor

Non sensory section is non linear

f(t) = K1 (y(t)− c)

(
1 +

(
ẏ

a

) 1
3

)

The firing rate g(t) is then determined by the sensory section as follows
g(t) = z + 0.1ż
Typical values for t The value of the constants a, b, c are assumed to be modulated by the

gamma motor neuron.
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Figure 33: Hassan model

17.4 The Hill model of muscles: Introduction

The background and mathematical outline is given for the Hill model of muscles. This model forms
the basis for many simulations, and although it does not have the physiological basis of models by
Huxley and Hodgekin, it has the benefit of simplicity. The Hill model is based on experimental
work done by Hill in 1938 on the thermodynamics of animal muscle in contraction. The resulting
‘Hill’ parabola forms a useful description of muscles that has the benefit of simplicity over the
more detailed Hodgekin and Huxley work. Thus many simulations, (Zeigmeister, Winter, Stark
and others) have used the Hill muscle model in preference to the Huxley models in simulations
ranging from eye saccades to leg movements.

17.5 Basic model

Hill identified a force-velocity relationship that is a very good fit to experimental data. The basic
form of Hill equation is

(Fce + ah) (Vce +Bh) = (Fmax + ah)Bh (2)

Fce is the force exerted by the contractile element, Vce is the muscle velocity, ah and Bh are
constants that shape the Hill parabola. The force Fmax can be considered as the tetanic force, i.e.
the force when the velocity is zero, and is assumed to be a function of both the muscle length, and
the level of muscle stimulation. The right hand terms of equation (2) are all constant and it can
be convenient to set these to a single constant such as K.

Notice that setting Vce to zero gives the condition that Fce=Fmax. Likewise we can set a
condition when Fce = 0 so that ah(Vmax +Bh) = K. That is Vmax is the theoretical velocity where
it is no longer possible for the muscle to provide a tensile force.

From these conditions we can show that these constants relate as follows

aVmax = Fmaxb
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This form of the Hill equation takes muscle shortening as a positive value.
The Hill model is often combined with a series elastic element kse and a parallel elastic element

kpe as can be seen in figure ??. Thus the Hill model is often considered as a force generating
actuator (A) in parallel with a non linear (Hill) damper (b). To illustrate that the contractile

Figure 34: Hill model showing contractile element, Hill damping and the series and parallel
stiffness elements. (Picture from (https://www.researchgate.net/.../Alexander_Hunt/.../
Figure-1-Hill-muscle-model.png))

element an be described as a damper (sometimes called a dashpot) in parallel with a force, it is
necessary to reformulate the Hill equation as

Fce = Fin −BhVce = Fin −
Fin(1 + afe)

afVmax − Vce
Vce

where the Hill damping is a function of Fin (some controlled input force) and Vce. That is

Bh(Vce, Fin) =
Fin(1 + afe)

afVmax − Vce
Fin represents some ‘neural’ input and is related to Fmax in the standard Hill equations.

17.5.1 Hill constants

For slow muscle fibres af lies between 0.1 and 0.25, and Vmax is about 2 Lo/sec (muscle lengths
per second) For fast muscle fibres af lies between 0.25 and 1, and Vmax is about 8 Lo/sec. Lo is
the muscle rest length.

On occasions it is helpful to consider muscle shortening as negative, in which case simply write
−Vce for Vce in the equations. For example the classical form of the Hill equation then simply
becomes

(Fce + ah) (−Vce +Bh) = (Fmax + ah)Bh

17.5.2 Muscle lengthening

When the muscle is being extended the Hill model may no longer apply. In numerical simulation it
is sometimes necessary to ensure that the Hill model is continuous up to the first derivative at
zero. One way to do this is to fit a polynomial, for example

Fce = Fin
(
1 + c1Vce + c2V

2
ce + c3V

3
ce

)
Where c1 =

1+af
Bh

, c2 = c1
Bh

and c3 = − (1+p)af (af+p)+p
2

a2
fp

2V 3
max

. The variable p determines the positive

intercept of the velocity axis.
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17.6 Fitting Hill to Joyce and Rack data

Figure ?? shows experimental results from Joyce and Rack16 with Hill parabola fitted as per the
values in the table below. The data is from cat soleus muscle stimulated at differing frequencies.
The experiments were published as two papers in the same journal with the picture below published
in the second paper. See

(https://physoc.onlinelibrary.wiley.com/doi/pdf/10.1113/jphysiol.1969.sp008924)17

(https://www.ncbi.nlm.nih.gov/pmc/articles/PMC1351565/pdf/jphysiol01070-0215.pdf)18

Figure 35: Muscle force as a function of muscle shortening, from Joyce and Rack 1969 with Hill
parabola overlaid (see table below for values).

neural input ah Bh Fmax Bh/ah Colour in the figure
35 .15 30 2 200 blue
15 .15 21 1.8 140 red
7 .25 17.5 1.2 70 yellow

17.7 Optimal power

Power generation can be considered as the product of force and velocity.
We can write the standard Hill model as

F =
K

b+ v
− a

so Power P is simply

16G.C. Joyce and P.M.H. Rack (1969). “Isotonic lengthening and shortening movements of cat soleus muscle”. In:
J. Physiol. 204, pp. 475–491.

17GC Joyce, PMH Rack, and DR Westbury (1969). “The mechanical properties of cat soleus muscle during
controlled lengthening and shortening movements”. In: The Journal of physiology 204.2, pp. 461–474.

18G.C. Joyce and P.M.H. Rack (1969). “Isotonic lengthening and shortening movements of cat soleus muscle”. In:
J. Physiol. 204, pp. 475–491.
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P =
Kv

b+ v
− av

Find a maximum or minimum of P w.r.t. v to find where maximum power is transferred from the
muscle to the load.

dP/dv =
K

b+ v
− a− K v

(b+ v)2
= 0

v = −b±
√
Kb

a

In practice only the positive (shortening) value makes sense. Using this and the definition of K gets

vmax =

(√
1 +

Fmax
a
− 1

)
b

18 Sensory Motor feedback

18.1 Motor Neurons (Efferents)

Conduct nerve impulses from the spinal cord to muscles and glands.
Classified into 3 types:

• α (alpha) MN- terminate on muscle plates, primary stimulators for muscle contraction.
• β (beta) MN-end both on muscles and muscle spindles.
• γ (gamma) MN-end of muscle spindles possibly a sensitivity control.

18.2 Sensory Neurons (afferents)

Conduct nerve impulses from sense organs to the spinal cord. Classified according to size

• Group Ia. — 12-21µm, arise from primary spindle endings(large, conduction velocity: 50-70
m/s (speeds of 120m/s possible in cat))

• Group Ib. arise from golgi tendon organs, smaller average diameter.
• Group II. — 6-12 µm Secondary Spindle endings (conduction velocity:24-50 m/s )
• Group III. 1-6 µm
• Group IV. Unmyelinated 0.25-1.5 µm (conduction velocity : 0.4-2 m/s)

18.3 Inter Neurons

Unmylenated neurons in the spinal cord and brain.

18.4 Conduction velocities
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Figure 36: Sensory Neuron (lower figure) Motor Neuron (upper figure)
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Figure 37: Theoretical conduction velocities of neurons. Analysis by W.A.H. Rushton (1951, J.
Physiol. 115: 101-122). Replotted from figure 5.
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18.5 Inhibitory and excitatory synapses

The term synapse was probably coined by Charles S. Sherrington in 1897. Comes from the greek
”syn” meaning ”together” ”haptein” meaning ”to clasp.”

18.6 Spinal reflex

Rothwell’s figure 5.3 shows the basic connections for the motor system. Black neurons are inhibitory,
IN=inter neurons, RC = Renshaw cell, neurons in the box indicate that the cell receives multiple
similar inputs.Rothwell 1993; Hultborn, Lindström, and Wigström 1979
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Figure 38: Spinal reflex connections

A monosynaptic reflex passes through only one synapse. (hence disynaptic trisynaptic etc)
Renshaw timed the entry of a spike into the spinal cord until it left via a monisynaptic

connection. Time was about 1.5 ms
Renshaw thus estimated the synaptic delay time as approximately 0.8 ms
Principal reflex is probably the due to the muscle spindle receptors. The Ia has monosynaptic

access to the motoneurons.
Ia Fibres provide:

• Homonymous excitation to motor neurons in the parent muscle. (monosynaptic)
• Heteronymous excitation to motor neurons in other muscles. (disynaptic via IN)

Rothwells figures shows principal connections of the 1a afferents and the Renshaw cell (RC)
What is Disynaptic Inhibition?
It is the effect on antagonist muscle to facilitate agonist muscle movement. The Ia Inhibitory

Interneurone is responsible for a small delay in the signal getting to the antagonist muscle. After
this inhibition agonist movement is easier because there is no opposite power – (work it out!)

18.6.1 Reflexes

Reflex actions are rapid responses to internal or external stimuli and mediated in the spinal cord.
Sensory receptor goes through sensory (afferent/Ia Ib II ) neuron to CNS in spine (mono, bi-

tri- synaptic) then to motor (efferent/ alpha beta gama) neuron to muscle
Typical reflex arcs are ‘Knee jerk’ or ‘Withdrawal reflex’.
Although this is due to a tendon stretch the mechanism is more likely to operate via the muscle

spindle rather than the golgi tendon organ. Why? The argument is as follows, muscle spindle can
be very sensitive to small movements (50 µm), (why if there is no way that the reflex controller
cannot react to these movements?), The tendon reflex causes a small lengthening in the muscle,
this activates the Ia and via the monosynapse the α neuron to cause contraction.
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18.6.2 Ib (golgi tendon organ) reflex

The Ib fibres from GTO produce a disynaptic, or trisynaptic, inhibition on the agonist muscle.This
effect is the “Inverse Myotatic Reflex”.

So the Ib fibres seem to act in the oposite way to the Ia fibres! Postulated as a protection
mechanism.

Foot placement (stimulate cats paw to elicit placement), withdrawal (from something sharp,
stretch reflex (general term)

Reflexes can work across limbs and it is likely they serve to encode some or all of a gait cycle
or a cooperative action. (see FRA flexor reflex afferent pathways)

19 The brain and sensory-motor actions
Two Hemispheres
Four major lobes

• Frontal Lobes: Reasoning and planning, emotions premotor areas for voluntary movements
• Parietal Lobes: Perceptions and Motor areas, also language (written and spoken), memory,

principal motor areas.
• Occipital Lobes: Visual areas, object recognition.
• Temporal Lobes: Sound, memories,

Cerebellum (Little Brain) coordination
Brain stem
Spinal cord

Note, Cerebellum innervates ipsilaterally whereas the cortex works contralaterally.
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Figure 39: Brain areas, Frontal, Parietal, Temporal, Ocipital

Areas of brain associated with movement are Premotor areas, Sensory Motor Cortex, and
Cerebellum, visual cortex, frontal cortex, everywhere.

20 What is the power consumption of a

neuron?
Need the number of neurons and the metabolic, mechanical or electrical power.

P =
Pbrain
n

where n is number of neurons.
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Figure 40: Hommunculus - little man19

Alternative is to look at energy balances in a single neuron. An electrical solution is suggested
by Alle20.

(http://hypertextbook.com/facts/2002/AniciaNdabahaliye2.shtml) Number of neurons¡endu¿
(http://hypertextbook.com/facts/2001/JacquelineLing.shtml) Power¡endu¿ (20 Watts)

21 Some facts and numbers
Much of this information comes from Chudler21. Also see ’neurostereology’ e.g.22

21.1 Human Cortex

• About 106 neurons per square centimeter
• About 1010 synapses per square centimeter
• About 2 milliwatts per square centimeter
• Total power consumption: 20 watts

(IEEE Spectrum, Dec 2010 pg 34 in ’the brain of a new machine, M. Versace and B. Chandler)

• Oxygen consumption whole brain = 46 cm3/min
• Oxygen consumption = 3.3 ml/100g/min
• 0.15× 1015 synapses in neocortex 23

21.2 Neocortex

Neocortex = new brain area of a3 sheet, folds allow packing in an enclosed space and

20Henrik Alle, Arnd Roth, and Jörg R. P. Geiger (2009). “Energy-Efficient Action Potentials in Hippocampal
Mossy Fibers”. In: Science 325.5946. Energy used in a neuron, pp. 1405–1408. doi: 10.1126/science.1174331.
url: http://www.sciencemag.org/cgi/reprint/325/5946/1405.pdf.

21Eric Chudler (last checked Nov 2015). Brain Facts and Figures. http://faculty.washington.edu/chudler/
facts.html.

22P.R. Mouton, ed. (2013). Neurostereology: Unbiased Stereology of Neural Systems. John Wiley & Sons,
Incorporated. url: http://ebookcentral.proquest.com/lib/reading/detail.action?docID=1554038.

23http://dx.doi.org/10.1016/S0531-5565(02)00151-1
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reduce the distance for long distance neurons
Neurons in the neocortex—

Males 22.8× 109

Females 19.3× 109

(See http://dx.doi.org/10.1016/S0531-5565(02)00151-1)
Between age of 20 and 90 we will loose about 10% of neocortical neurons
Neurons packed into 5-6 (I-VI) layers mostly within 2-4mm , these are structred in columns

with a diameter of about 0.5mm. Typical neuron will extend about 1mm.
Volume of brain (Allen http://dx.doi.org/10.1002/ajpa.10092)

Volume cm3 std lower bound upper bound
Male 1273.6 115 1052.9 1498.5
Female 1131.1 99.5 974.9 1398.1

>> plot(v,normpdf(v,1273,115),v,normpdf(v,1131,99.5),[1398 1398],[0 4.5E-3])

22 Cortex
Total surface area of the cerebral cortex = 2200 sq. cm Total number of neurons in cerebral

cortex = 2.6 billion Number of cortical layers = 6 Thickness of cerebral cortex = 1.5-4.5 mm

23 The cerebellum
Cerebellum: Little brain Identified by Flourens in 1824 as having a role in coordinating

movements Theories

1. Acts as a comparator
2. Parameter (gain?) controller
3. A timing device, or a delay line, or a predictive filter.
4. An internal model
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Cerebellum damage leads to jerky, weak, tremulous and/or inaccurate movements (perpetual drunk).
Intention tremors. Breakdown of multi-joint movements, speech break-ups, missed phonemes, and
problems adapting to challenging tasks.

Note, Cerebellum innervates ipsilaterally whereas the cortex works contralaterally Neural
structure of cerebellum Primary neuron types (maybe) parallel fibres/granule cells Purkinje cells
mossy fibres (information from proprioceptors via spinal cord) Secondary neuron types

Figure 41: Cerebellum cell structure

24 climbing fibres (from inferior olive)

basket cells, stellate cells, golgi cells,

The brain as a Smith predictor
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Figure 42: Cerebellum

See Miall et al.24

Figure 43: One form of a Smith predictor structure

24R.C. Miall et al. (1993). “Is the Cerebellum a Smith Predictor?” In: Journal of Motor Behavior 25.3, pp. 203–
216. url: http://prism.bham.ac.uk/pdf_files/SmithPred_93.PDF.
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A Full papers
Full versions of the following papers are included in these notes. Please note that the papers

are for academic study relating to this module so should not be distributed outside the University
of Reading academic community.
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Implications of Positive Feedback in the Control of Movement

ARTHUR PROCHAZKA, DEBORAH GILLARD, AND DAVID J. BENNETT
Division of Neuroscience, University of Alberta, Edmonton, Alberta T6G 2S2, Canada

Prochazka, Arthur, Deborah Gillard, and David J. Bennett. oscillate continuously, such as astable multivibrators or os-
Implications of positive feedback in the control of movement. J. cillators. Otherwise, positive feedback is avoided in the de-
Neurophysiol. 77: 3237–3251, 1997. In this paper we review some sign process, because instability is undesirable and in many
theoretical aspects of positive feedback in the control of movement. cases potentially destructive of the system under control.
The focus is mainly on new theories regarding the reflexive role Within the CNS, the oscillators generating the limit cyclesof sensory signals from mammalian tendon organ afferents. In

of locomotion and respiration have been tacitly or explicitlystatic postures these afferents generally mediate negative force
assumed to be based on positive feedback mechanisms,feedback. But in locomotion there is evidence of a switch to posi-
whether in the form of neural networks or single neuronstive force feedback action. Positive feedback is often associated
with pacemaker properties (Grillner et al. 1995; Robertswith instability and oscillation, neither of which occur in normal

locomotion. We address this paradox with the use of analytic mod- et al. 1995). However, the evidence for positive feedback
els of the neuromuscular control system. It is shown that positive connections in reflex systems controlling posture and move-
force feedback contributes to load compensation and is surprisingly ment has been something of a puzzle, precisely because of
stable because the length-tension properties of mammalian muscle the potential for instability. On the one hand, it has been
provide automatic gain control. This mechanism can stabilize con- suggested that certain oscillatory behaviors such as rocking
trol even when positive feedback is very strong. The models also in stick insects (Bässler 1983) or paw shaking in cats (Pro-show how positive force feedback is stabilized by concomitant

chazka et al. 1989) might reflect a ‘‘deliberate’’ augmen-negative displacement feedback and, unexpectedly, by delays in the
tation of loop gain and therefore destabilization of stretchpositive feedback pathway. Other examples of positive feedback
reflexes. Similarly, certain pathological tremors have beenin animal motor control systems are discussed, including the b-
attributed to instability in the stretch reflex arc (Dimitrijevicfusimotor system, which mediates positive feedback of displace-

ment. In general it is seen that positive feedback reduces the sensi- et al. 1978; Jacks et al. 1988; Rack and Ross 1986) or
tivity of the controlled extremities to perturbations of posture and in olivocerebellar and thalamocortical pathways (Lamarre
load. We conclude that positive force feedback can provide stable 1984). In all these cases the neural loops are assumed to
and effective load compensation that complements the action of function as negative feedback systems under normal condi-
negative displacement and velocity feedback. tions, but they develop unstable positive feedback behavior

because of a 1807 net phase lag combined with an open-
loop gain exceeding unity at a particular frequency. On the

I N T R O D U C T I O N
other hand, it has been argued that some reflex connections
are ‘‘designed’’ to operate as positive feedback systems toIn the last few years there has been an accumulation of
provide nonoscillatory graded control of posture and move-evidence for positive feedback in the control of motor tasks
ment (Cruse et al. 1995). It is here that the issue becomesin animals. Positive feedback control of limb position or
problematic, for linear control theory predicts that to bemuscle length in different species has been discussed for
efficacious in load compensation, the open-loop gain of posi-many years (invertebrates: Bässler 1993; Burrows and
tive force feedback (G f ) should be close to unity; but thePflueger 1988; Cruse et al. 1995; mammals: Grill and Rymer
closer it is to unity, the greater the risk of instability (Phillips1985; Houk 1972, 1979; Kouchtir et al. 1995). More re-
and Harbor 1991).cently, interest has shifted to the possibility of positive feed-

Houk (1972) discussed the least disputable example ofback control of muscle or limb force (invertebrates: Bässler
positive feedback in mammalian reflexes, the b-loop. This1993; Bässler and Nothof 1994; Cruse 1985; Cruse et al.
comprises b-skeletofusimotor neurons that exert fusimotor1995; cats: Brownstone et al. 1994; Conway et al. 1987;
action on muscle spindle afferents, which reflexly exciteGossard et al. 1994; Guertin et al. 1994, 1995; Pratt 1995;
the same b-skeletofusimotor neurons. Houk (1972) arguedhumans: Dietz et al. 1992). In addition, positive feedback
that even if the open-loop gain of the b-loop (Gb) exceededloops have been posited within sensorimotor control areas
1, the system remained stable because the b-loop wasof the mammalian brain (Houk et al. 1993).
nested inside a negative feedback loop controlling muscleThe theories and speculation regarding positive feedback
displacement. In this view, activation of b-motoneuronsmediated by sensory afferent input to the nervous system
would cause the spindle-bearing extrafusal muscle tohave not satisfactorily addressed the issue of stability. From
shorten, counteracting b-fusimotor excitation of spindle af-a control systems point of view, this is the most immediate
ferents and thereby holding in check the reflex action ofconcern regarding the functional viability of any mechanism
these afferents on the b-motoneurons. This argument wasincorporating positive feedback. In engineering systems,
based on a simple static feedback model that ignored mus-positive feedback is generally only used intentionally if in-
cle and receptor dynamics and nonlinearities. Some yearsstability is desired, for example in circuits designed to switch
later, Grill and Rymer (1985) inferred Gb from differencesfrom one extreme operating point to another, such as mono-

stable or bistable multivibrators (flip-flops) , or circuits that in spindle afferent stretch sensitivity before and after dorsal

32370022-3077/97 $5.00 Copyright q 1997 The American Physiological Society
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within a given model. We therefore studied numerous models ofrhizotomy in decerebrate cats. The estimates of Gb were in
mammalian neuromuscular systems, ranging from simple linearthe range of 0.2–0.8.
control loops to models that incorporated nonlinear elements suchAt the time, the reflex connections of force-sensing group
as conduction delays and nonlinear force-velocity and length-ten-Ib tendon organ afferents were assumed to produce negative
sion relationships. The modeling described in this paper was per-feedback action. Accordingly, Houk (1972) showed that formed with the use of Matlab 4.2c and its associated graphics-

adding negative force feedback to negative displacement based Simulink 1.3c control systems software. The ‘‘raw’’ Sim-
feedback produced springlike behavior of muscle in the face ulink versions of the models are detailed in the APPENDIX and may
of externally applied loads. The greater the force feedback be replicated within minutes, allowing interested readers to verify
gain, the more compliant the muscle would be to loading. our simulations and to explore and test the behavior of our reflex

model. Stability was separately analyzed with numerous combina-Whether force feedback gain was actually modulated in nor-
tions of parameters with the use of Bode, Nyquist, and root locusmal animal behavior remained an open question (Crago et
plots, some of which are presented in the APPENDIX.al. 1976; Hoffer and Andreassen 1981; Rymer and Hasan

The unexpected features of positive feedback observed in the1980).
empiric studies, namely affirming reactions, delay-dependent stabi-In the last five years numerous reports of positive feedback
lization, and automatic gain control, were also reflected in theconnections from force-sensing receptors to homonymous models. These basic behaviors were robust in that they were seen

or heteronymous motoneurons have appeared. In spinal and over a very wide range of parameters.
decerebrate cats, heteronymous reflexes mediated by tendon
organ Ib afferents switch from being inhibitory in static pos-

Model 1: simple reflex modeltures (Eccles et al. 1957; Harrison et al. 1983) to excitatory
during locomotor behavior (Conway et al. 1987; Gossard et Figure 1 shows a highly simplified model of a reflex system. In
al. 1994; Guertin et al. 1995; Pearson and Collins 1993). this model, key elements of real neuromuscular systems such as

tendon compliance, dynamic transfer functions of sensor, and theBecause Ia and Ib reflexes have the same sign under these
length and velocity dependence of muscle force production arecircumstances, there has been a shift away from describing
omitted or simplified. These elements are represented more rigor-reflex action in terms of sensory modalities such as force and
ously in the nonlinear model below. Yet, despite the basic structuraldisplacement, toward lumped descriptions such as ‘‘group I
differences between the two models, they exhibited essentially theexcitatory action,’’ whereby afferents are classified ac-
same closed-loop behaviors. Other variants of these models notcording to conduction velocity rather than modality (Angel detailed in this paper also showed the same basic behaviors. The

et al. 1995; Jankowska and McCrea 1983). Yet the func- generality of the main features of closed-loop behavior in the face
tional consequences of separate modalities cannot be of significant parametric and structural variation is our strongest
avoided. If signals from force-sensing afferents reflexly in- argument that our main conclusions are not model specific.
crease the force the receptors sense, this constitutes positive The load in both models is a mass of 1 kg, representative of the

inertial load supported either by a cat hindlimb or the wrist jointforce feedback, and, for the reasons discussed above, the
in the experiments reported in the previous paper. We concentratedissue of stability must then be dealt with.
on modeling the cat hindlimb because the physiological evidenceIn the preceding paper (Prochazka et al. 1997) we de-
for positive force feedback originates from studies of cat locomo-scribed experiments in human subjects whose muscles were
tion. However, as it turns out, parameters such as net muscle stiff-controlled with electrical stimulation under positive force
ness and damping are fairly similar for the wrist supporting thefeedback control. These experiments showed that positive forearm, as inferred from the kinetic and kinematic responses in

force feedback resulted in stable load compensation under the companion paper.
a surprisingly wide range of feedback gains. The closed-loop In the simple model, muscle force is modeled by a first-order
behavior was characterized by reductions or even reversals in active component and a viscoelastic parallel stiffness. The force-
the yield that inertial loading would otherwise have caused. velocity relationship (Hill 1938), the muscle length-tension curve

(Rack and Westbury 1969), and tendon compliance are all ne-The reversals occurred when G f had been set greater than
glected. The external force is summed with tendon force, the resul-unity. The very fact that the loop remained stable for G f ú
tant force acting on the inertial load. Force feedback is represented1 was a surprise, and further investigation suggested that the
without dynamic components, but an adjustable reflex delay ismuscle shortening associated with negative yield automati-
included because this was shown in the empiric work to stabilizecally reduced G f to unity. Delays in the feedback pathway
positive force feedback. Feedback from muscle spindles is likewisesimilar to those seen in cat locomotion stabilized positive represented without dynamics and without delays.

force feedback. This was also unexpected. Figure 6 shows the model as it appeared in the Simulink graphic
The main advantage of the empiric approach whereby real interface. Many combinations of parameters were tested in simula-

muscles are incorporated in an artificial feedback loop is that tions. Figure 2 shows a small set of simulations chosen for their
the uncertainties of modeling nonlinear muscle properties are relevance to the main issues of this paper. All simulations were

performed with the use of the Runge-Kutta-3 simulation algorithmavoided. The disadvantage is that it is difficult to analyze
in the Simulink program (minimum and maximum step sizes 0.5closed-loop behavior in a general manner. However, by com-
ms). Two variables are plotted: external force (perturbing input)bining the two approaches, the underlying mechanisms can
and displacement (output) .be understood and verified.

From our empiric results we were interested in the following
questions.

M E T H O D S 1) What was the maximal positive force feedback gain before
instability occurred?Mathematical modeling

2) Did positive force feedback provide effective load compensa-
tion?We recognized from the outset that to be general, conclusions

regarding closed-loop behavior should not depend too heavily on 3) Did muscle yield reverse when G f exceeded unity?
4) What was the effect of concomitant negative Gd?the particular structure of a model or on the choice of parameters
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FIG. 1. Highly simplified model of segmental reflex sys-
tem used in 1st set of simulations. Graphic version of this
model, as it appeared in Simulink interface, is presented in
APPENDIX (Fig. 6) with representative parameters. This model
ignored dynamic components of sensory transduction and
various nonlinear features of muscle. It is presented because
of its simplicity and because in simulations it exhibited all
salient functional properties of more complex nonlinear
models.

5) Were delays in the force feedback pathway stabilizing or In the simple model, G f was determined by inspection as the multi-
ple of the static gains around the force loop. Because displacementdestabilizing?

The simulations in Fig. 2 illustrate the following results. Without is held constant for this purpose, the only elements involved are
the muscle contractile element and the force feedback element. Indisplacement feedback or force feedback, the system, comprising

the viscoelastic muscle parallel stiffness and the inertial load, the nonlinear model, G f could not be determined by inspection
because of the nonlinear effects of tendon strain and muscle fibershowed a damped displacement response (Fig. 2B) to the external

force (Fig. 2A) . Adding positive force feedback at loop gains in length.
When G f Å 1 in Fig. 2D, apart from the small transients, thethe range of 0–1 produced stable load compensation (yield in Fig.

2C with G f Å 0.5 is about half that in Fig. 2B without feedback). mass did not move, i.e., the system had infinite stiffness. The loop
remained stable up to G f Å 1.4 (Fig. 2E), exhibiting an affirming
reaction (i.e., instead of yielding, the mass now moved in the oppo-
site direction of the imposed force). The reason that the system
remained stable for values of G f between 1 and 1.4 is that the
parallel stiffness element provided negative displacement feedback
and velocity feedback, which had a stabilizing effect (if the gain of
this element was set to 0, the system went unstable at G f Å 1).
Adding a 25-ms delay to the force feedback pathway had a stabiliz-
ing effect (Fig. 2F), allowing a higher loop gain to be attained with
a larger affirming reaction (Fig. 2G). This stabilizing action of a
delay in the positive feedback pathway was analyzed with the use
of root locus techniques, as presented in Fig. 6 in the APPENDIX.
Finally, the addition of explicit negative displacement feedback
(GdÅ 1) attenuated the affirming reactions. In this particular simula-
tion displacement feedback without any velocity component to pro-
vide damping was slightly destabilizing. Note that the magnitude
and sign of feedback gain are separately specified in this paper.

As expected from previous work (Houk 1972), negative force
feedback in combination with negative displacement feedback re-
sulted in a springlike response to external loading, the stiffness of
which increased as Gd increased and G f decreased (not illustrated) .

Model 2: nonlinear reflex model

Figure 3 shows a more representative nonlinear model of the
mammalian neuromuscular system. As in the simple model, the
major functional elements are represented independently in each
block (e.g., active and passive components of muscle force genera-
tion, tendon compliance, load, etc.) . In natural movements of the
limbs, agonist and antagonist muscles are often coactive, which
tends to cancel out the rectifying nature of nonlinear stiffness and
damping in individual muscles. In our first set of experiments,
described in the previous paper, the muscles were coactivated to
mimic this situation. However, the recent evidence for positive
force feedback comes from cat locomotion, where extensor muscles
are not coactive with flexor muscles during weight bearing. We
therefore chose to model this situation with a single muscle sup-

FIG. 2. Simulations based on static reflex model of Figs. 1 and 6. A : porting an inertial load.
input (external) force. B : displacement (yield) of load due to muscle stiff- Noteworthy features of the nonlinear reflex model are as follows.
ness; no feedback. C : reduced yield with addition of low-gain positive force 1) A modified Hill (1938) model of muscle. This includes a
feedback, open-loop gain of positive force feedback (G f ) Å 0.5. D : zero passive parallel viscoelastic stiffness and a parallel contractile stiff-
net yield with unity-gain positive force feedback. E : underdamped overcom- ness that depends on activation level, muscle length, and velocity,
pensation of load (negative yield or ‘‘affirming reaction’’) with G f Å 1.4. all based on relationships in the literature (Bawa et al. 1976; RackF : improved stability with 25-ms delay in positive force feedback pathway.

and Westbury 1969; Winters 1990). The series compliance isG : delay allows higher force loop gain (G f Å 2), with larger affirming
equated to tendon compliance with the use of the parameters ofreactions. H : adding negative displacement feedback attenuates affirming
Bennett et al. (1996). The muscle portion of the series compliancereaction. Displacement calibrations in B also apply to C–H. Gd , displace-

ment feedback gain. is neglected (Zajac 1989).
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FIG. 3. Nonlinear model of segmental reflex
system used in 2nd set of simulations. Graphic
version of this model is presented in APPENDIX

(Fig. 7) . This model includes tendon compli-
ance, nonlinear force-velocity, and length-ten-
sion properties of mammalian muscle, dynamic
components of sensory transduction, and b-fusi-
motor action. Despite increase in complexity
over simple model and significant differences in
some of common parameters, nonlinear model
exhibited similar functional properties in simu-
lations.

2) The length-tension and force-velocity relationships are repre- ditions at time t Å 0 are such that muscle force and length
sented by pairs of mathematical functions detailed in the APPENDIX. are zero at the threshold of the length-tension curve ( i.e.,
Variations in the shape parameters of these relationships were not muscle just slack) . The step in external force at t Å 0
critical in changing basic closed-loop behavior, as discussed in the causes rapid muscle stretch and overshoot, because the
APPENDIX. stiffness and damping of the contractile element rise rela-3) Spindles are assumed to transduce muscle fiber displacement

tively slowly in the initial portion of the length-tension(i.e., length changes of the tendon are subtracted from muscle
curve. The response to the second ( test ) load incrementorigin-to-insertion displacement) .
at t Å 1 is more damped because the contractile element4) Linear transfer functions of muscle spindle Ia afferents (Chen
impedance is greater at the longer muscle length. Fig. 4,and Poppele 1978; Matthews and Stein 1969) and tendon organ

Ib afferents (Anderson 1974; Houk and Simon 1967) are used. left and right, differ only in the time of onset of force
These have been found to give good fits of ensemble afferent feedback. In Fig. 4, left, force feedback is activated at the
responses in freely moving cats (Appenteng and Prochazka 1984; same time as the test loading. This mimics a linkage of
Gorassini et al. 1993). As alternatives, two variants of the Houk positive force feedback with the onset of the stance phase
et al. (1981) nonlinear spindle Ia model were also tested (see of the cat step cycle, which is one of the possibilities to be
APPENDIX ). inferred from the recent cat data. In Fig. 4, right, feedback5) Positive feedback via the b-fusimotor pathway. The activation

is activated before loading (at t Å 0.5) .of a- and b-motoneurons is assumed to be identical. The a-linked
The salient features of the simulations in Fig. 4 are ascomponent of g-fusimotor activity is lumped with the b-signal.

follows. Without displacement feedback or force feedback,Task-related fusimotor action (Prochazka et al. 1985) is repre-
the system, which comprises the viscoelastic muscle parallelsented as changes in Ia gain.

6) Separate delays in spindle Ia, tendon organ Ib, and b-fusimo- stiffness, the in-series tendon compliance, and the inertial
tor reflex paths. The Ia delay is assumed to be small (e.g., 10–20 load, shows a damped displacement response to the test
ms). Current evidence from cat data indicates that positive Ib force. Adding positive force feedback at gains in the range
feedback has a delay or rise time of 30–40 ms (Gorassini et al. of 0–1 produces stable and effective load compensation
1994; Gossard et al. 1994; Guertin et al. 1995). Consequently we (stretch in Fig. 4C, left, with G f Å 0.5 is much less than in
tested Ib delays of up to 100 ms, or, alternatively, a single-pole, Fig. 4B) . When G f Å 1 the mass moves very little, i.e., theunity-gain, low-pass filter block with a turning point in the range

system is very stiff.of 10–100 rad/s.
At this point it is worth discussing the meaning of loop7) Loading is provided as two step changes in force. The second

gain. As described in the previous paper, G f may be deter-load is added to explore the behavior of the loop after stabilization
mined by opening the force feedback loop, holding origin-to the first load. In separate simulations not illustrated, step incre-

ments of force were applied through external springs. to-insertion muscle length constant, and measuring the ratio
of muscle force in response to a force input to the force
sensor (see APPENDIX, Fig. 8) . Tendon compliance is anR E S U L T S
intrinsic property of the force actuator and must therefore

The cost of the increased realism of nonlinear models be included in the calculation of force loop gain. Internal
such as that in Fig. 3 is an increase in the number of parame- shortening due to tendon compliance slightly reduces the
ters. We experimented with many combinations of parame- gain that would otherwise be obtained. In the preceding
ters and indeed numerous versions of the model itself. Our paper it was shown empirically that force loop gain is length
main conclusions regarding closed-loop behavior were ro- dependent. In the nonlinear model this results from the fact
bust across a large range of parametric and structural varia- that the contractile element produces more force for a given
tions. The stability of the system was insensitive to large change in activation as length increases. Strictly speaking,
(2 orders of magnitude) variations in most of the parame- if we accept that force loop gain is length dependent, it
ters, as discussed in the APPENDIX. Figure 7 in the APPENDIX should be viewed as a variable rather than a parameter.
shows the version of the model that generated the represen- Indeed, the same argument can be applied to displacement
tative simulations illustrated in Fig. 4. As in the simple loop gain.
model, simulations were performed with the use of the In the ensuing discussion, G f is understood to be the loop
Runge-Kutta-3 simulation algorithm, although Euler and gain determined at some reference length and force. To dif-

ferentiate this setpoint loop gain from the instantaneous loopLinsim algorithms were also used. In Fig. 4 the initial con-
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FIG. 4. Simulations based on nonlinear
reflex model of Figs. 3 and 7. Positive force
feedback is activated either at same time
as test increment in external force (at t Å
1 s, left) or earlier (at t Å 0.5 s, right) . A :
external force. Two 10-N force increments
are applied, the 1st at t Å 0 to stretch mus-
cle from slack to its operating length, the
2nd comprising test load. B : no feedback.
Muscle displacement in response to force
increments depends on inertial mass and
muscle viscoelastic properties only. C :
low-gain positive force feedback (G f Å
0.5) stiffens muscle, reducing displacement
by test load. D : unity-gain positive force
feedback. Displacement due to test load is
very small when force feedback is activated
at same time as loading ( left) , but some
yielding is evident if force feedback is acti-
vated earlier (right) E : overcompensation
(affirming reaction) to loading for G f Å 2.
Underdamping suggests that system is close
to instability. F : instability when G f is
raised to 4. G : stabilizing action of adding
40-ms delay in force feedback pathway.
Similar effect is seen if a low-pass filter is
used instead. H : adding negative displace-
ment feedback to positive force feedback
attenuates all of displacement responses,
including affirming reaction. I : adding b-
skeletofusimotor action stabilized unstable
configuration of F. Displacement calibra-
tions in B also apply to C–I. Gb , open-loop
gain of b-loop.

gain, which varies with force and length, we will henceforth pathway is confirmed with the use of root locus techniques
in the APPENDIX. The addition of negative displacement feed-refer to it as Gfs . In the simulations of Fig. 4, the length

and force reference points happen to be 7.3 mm and 10 N, back to the control loop attenuates and further stabilizes the
load reactions (Fig. 4H, Gd Å 1 starting at t Å 0). Interest-respectively, in the midrange of the ascending portion of the

length-tension curve for inputs to the contractile element of ingly, delayed positive Gd via the b-pathway can stabilize
positive force feedback in the same way as a delay in thearound unity (see Fig. 5) . The system equilibrates to this

length in Fig. 4D, right, after feedback is activated. The 10- force feedback pathway (Fig. 4I: Gb Å 0.5, Gfs Å 4, no delay
in force feedback pathway, 20-ms delay in b-pathway).N test load then stretches the muscle to a new equilibrium

length (8.6 mm). The total force is now 20 N. With the use The above closed-loop behaviors can be viewed from a
of the open-loop circuit of Fig. 8 in the APPENDIX, it can be different perspective by comparing open-loop (i.e., intrinsic)
shown that the gain is unity at this new length. In fact in all and closed-loop length-tension trajectories at different levels
stable instances where Gfs ¢ 1 the system equilibrates to of contractile element activation and Gfs . Figure 5A shows
the length and force at which loop gain is unity, regardless a family of open-loop length-tension curves radiating from
of the load. As is seen in Fig. 5, this automatic gain control the origin. These were obtained from the nonlinear model
is also evident in the length-tension trajectories for given by replacing the displacement feedback in Fig. 7 with a
values of Gfs . The loop remains stable up to Gfs Å 2 (Fig. sinusoidal input function and applying increments of 0.5 to
4E) . In Fig. 4E, left, where feedback is turned on at the the input of the contractile element. In closed-loop trials
onset of loading, the muscle shortens on loading (affirming similar to those of Fig. 4 but with the use of an 0.5-Hz
reaction). In Fig. 4E, right, after feedback is activated, the sinusoidal loading signal, closed-loop length-tension trajec-

tories were obtained, and portions of these are overlaid onsystem equilibrates to a length at which loop gain is unity,
so the test load now causes a small length increase. For the open-loop length-tension curves in Fig. 5. It should be

stressed that the values of Gfs indicated in Fig. 5 are thoseGfs Å 4, the system is unstable (Fig. 4F) . Adding a 40-ms
delay to the force feedback pathway stabilizes it (Fig. 4G) . evaluated for an operating point of 7.3 mm and 10 N. For

Gfs ¢ 1, all points in the closed-loop trajectories turned outThis stabilizing action of a delay in the positive feedback

J142-6/ 9k13$$ju40 08-05-97 10:19:34 neupal LP-Neurophys



A. PROCHAZKA, D. GILLARD, AND D. J. BENNETT3242

FIG. 5. A : length-tension curves due to intrin-
sic muscle properties alone, compared with those
with positive force feedback. Family of open-loop
length-tension curves radiating from origin ob-
tained from nonlinear model, as described in text,
is overlaid with portions of closed-loop length-
tension curves where setpoint loop gain (Gfs )
ranges from 0 to 2 (Gfs is force loop gain evaluated
at an operating point of 7.3 mm and 10 N). Stiff-
ness increases with increasing Gfs . Equilibrium
length for a given force in Fig. 4 may be obtained
from corresponding closed-loop length-tension
curve in Fig. 5 (see text) . Hollow bars show that
along a closed-loop curve, a given increment in
contractile element activation always produces
same force increment, indicating that loop gain is
held constant along each closed-loop curve. B :
diagram illustrating predicted effect of activation
of positive force feedback in extensor muscles of
cat hindlimb. Extensor muscles shorten to a new
equilibrium length, resulting in a more upright
posture.

to correspond to a loop gain of unity. This was shown in although it does not provide information on stability. An
affirming reaction (muscle shortening on increased loadseparate analyses with the open-loop gain system of Fig. 8

in the APPENDIX. The constancy of gain in these trajectories force) is then seen simply as the equilibrium point behavior
of the system starting without feedback and moving to ais illustrated by the approximate constancy of the force incre-

ments for a given increment in contractile element activation, new stable length as a result of concomitant loading and
activation of positive force feedback.shown by the superimposed hollow bars in Fig. 5B ( the bars

on the Gfs Å 1 and Gfs Å 2 curves are not precisely the same In summary, the simulations in which the nonlinear reflex
model was used confirm that positive force feedback canbecause loop gain depends on contractile element output and

muscle fiber length, the latter also depending on force and provide stable load compensation. The slopes of the closed-
loop trajectories in Fig. 5 show that stiffness increases withtendon compliance).

Any equilibrium point in Fig. 4 can be explained in terms Gfs . For a given load and Gfs , the system has a unique equilib-
rium length. If force feedback and inertial loading commenceof the curves of Fig. 5. For example, in Fig. 4E, right, the

initial 10-N force step results in an equilibrated length before simultaneously, the muscle will either shorten or lengthen to
this equilibrium point depending on the initial conditions.feedback activation of 9 mm, as predicted by the open-loop

curve (Gfs Å 0, force Å 10 N) of Fig. 5. When positive Delays in the force feedback pathway, inherent muscle visco-
elasticity, concomitant negative displacement feedback, and/force feedback is activated (Fig. 4E, right, t Å 0.5 s, Gfs Å

2), the muscle shortens, equilibrating at 6 mm, the equilib- or b-mediated positive displacement feedback can all contrib-
ute to the stability of closed-loop operation.rium length predicted in Fig. 5 (Gfs Å 2 curve, force Å 10

N). The second load increment causes a stretch to 7 mm
(Fig. 4E, right) , again in agreement with the length pre- D I S C U S S I O N
dicted for 20 N by the GfsÅ 2 curve in Fig. 5. In more general
terms, Fig. 5 allows one to predict closed-loop displacement Our experiments and analysis verify that positive force

feedback in the neuromuscular system can provide stableresponses to any changes in force feedback gain and load,
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and effective load compensation. The analysis also shows The stability of our models was analyzed with root locus
and Nyquist analyses of the system transfer functions. Thethat the conclusions regarding the stabilizing influence of

muscle intrinsic properties, length feedback, and delays in root locus technique gave some insight into the mechanisms
of stabilization (see APPENDIX ). The parameters that mostpositive feedback pathways were robust in the face of large

parametric and structural variations in the systems consid- affected stability were intrinsic damping, inertia, and tendon
compliance. As regards the stabilizing action of delays orered (see APPENDIX ). Stable behavior for large values of

positive feedback gains was unexpected and initially quite poles (i.e., low-pass filtering) in the positive force feedback
pathway, this presumably came about because negative dis-puzzling. However, it became apparent that loop gain did

not remain high, but rather it was automatically attenuated placement feedback, which opposes displacements caused by
force feedback, requires a displacement error to generate thewhen muscles shortened and thereby reduced their force-

producing capability. opposing force. In isometric contractions or in the absence of
the delay, force builds up regeneratively in the positive force
feedback loop before any significant displacement of the iner-Load compensation
tial load can occur, and the system goes unstable. This also

Since the publication of the landmark papers by Pearson highlights the stabilizing influence of length feedback via in-
and Duysens (1976) and Conway et al. (1987) demonstra- trinsic muscle stiffness. Stated more generally, a phase lag in
ting reflex excitation of load-bearing muscles by their own a positive feedback pathway tends to be stabilizing, just as a
load sensors during cat locomotion, most of the functionally phase advance in a negative feedback pathway tends to be
related discussion in the mammalian literature has centered stabilizing. This provides a possible rationale for the puz-
on the potential of such reflexes to reinforce load compensa- zlingly long latencies (30–40 ms) of extensor reflexes after
tion, a role previously relegated to intrinsic muscle properties foot contact in cat gait (Gorassini et al. 1994).
and reflexes mediated by muscle spindles (Feldman 1966, Another factor that tended to stabilize positive force feed-
1986; Marsden et al. 1977). Yet it was clear that the reflex back was concomitant negative displacement feedback (e.g.,
mechanism in question represented positive feedback and compare Fig. 4, G and H) , provided that muscle shortening
this was normally associated with instability. It was tacitly was allowed. In the nonlinear model, this feedback is in fact
assumed that the nervous system would somehow always provided by three separate elements: the passive parallel
limit positive force feedback gain within a range consistent stiffness, the active parallel stiffness, and muscle spindles.
with stability. Our results suggest that a combination of in- A passing reference to stabilization of force feedback by
trinsic muscle properties, concomitant negative displacement negative displacement feedback was made by An et al.
feedback, and reflex delays found in neuromuscular systems (1988) in relation to a robotic manipulator designed to avoid
may provide this automatic gain control. The characteristic contact bounce. In a similar vein, Houk (1972) and Grill
affirming reaction that results for loop gains that are initially and Rymer (1985) argued that positive feedback mediated
greater than unity can only occur in a permissive framework by the b-fusimotor loop would automatically be held below
such as this, and as far as we know, it has not been described a loop gain of 1 by virtue of being nested within the negative
before. From a functional point of view, the affirmation of displacement feedback loop mediated by muscle spindles.
ground contact, described many years ago as Rademaker’s Indeed it has been suggested that under suitable conditions
‘‘magnet reaction’’ (Roberts 1979), has an obvious weight- the very presence of multiple reflex pathways may have a
supporting role during the stance phase of gait. It may also stabilizing action (Oguztöreli and Stein 1976). The repeated
contribute to load compensation in other motor tasks and observation that spinal interneurons and motoneurons tested
systems. In a more general sense the affirmation of contact during fictive locomotion receive excitation from both group
is a possible solution for the problem of ‘‘contact bounce’’ Ia spindle and Ib tendon organ afferents (Angel et al. 1995)
encountered with the use of negative force feedback in ro- is strong evidence for concomitant positive force and nega-
botic actuators (An et al. 1988; Hogan 1985). In a recent tive displacement feedback, at least in the cat.
robotics study, Tarn et al. (1996) showed that positive accel- Our experimental data led us to identify the length depen-
eration feedback was useful in eliminating contact bounce. dence of muscle stiffness as a source of automatic gain con-

trol of positive force feedback and therefore as a stabilizing
influence. It should be pointed out that this mechanismStability
would only become relevant if the active muscle were al-
lowed to shorten. During the shortening the system wouldIt is a routine and essential aspect of the design of any

control system to analyze the stability criteria. The two most in effect be transiently unstable, a possibility that has been
raised previously in relation to reflex control (Prochazka etcommon manifestations of instability are oscillation and

monotonic unrestrained increases in the output variable. In al. 1989; Rack et al. 1984). Stein and Kearney (1995) have
pointed out another possible gain-attenuating nonlinearity ina simple feedback loop, if the gain of the open-loop transfer

function G is unity at a given frequency, the transfer function shortening muscles: the rectification of reflex responses. This
property was not taken into account either in our experimen-of the same loop when closed in positive feedback mode is

1/(1 0 G) , which has an infinite value at that frequency tal study or in our simulations. Whether it would stabilize
or destabilize positive force feedback is not known. Further-(Phillips and Harbor 1991). This in turn implies infinite

amplitude oscillations in closed-loop operation. Monotonic more, if a movement were being controlled by cocontracting
antagonist muscles, the shortening of one muscle and theinstability occurs in cases where positive feedback G Å 1

in the steady state (frequency Å 0). In practice, unstable resulting reduction in its force loop gain would be counter-
acted by lengthening of the antagonist and a resulting in-oscillations are constrained by nonlinearities to a finite range:

‘‘limit cycles,’’ provided the actuator survives. crease in its force loop gain. In muscles that encounter im-
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TABLE 1. Qualitative summary of the interaction between displacement and force feedback

Initial force feedback gain

Negative Zero Positive and õ1 Positive and ú1

No length feedback Very compliant Compliant (intrinsic Stiff Very stiff, stable with delay, muscle adjusts to
stiffness alone) equilibrium length

Negative length feedback Compliant Stiff Very stiff Very stiff, muscle adjusts to equilibrium length
(e.g., gain Å 1)

movable loads and contract isometrically, positive force force feedback and displacement feedback are distributed
feedback with gains exceeding unity could become unstable, across limb segments in ways that suggest global control
even in the presence of the stabilizing influence of loop strategies tailored to the motor task (Bonasera and Nichols
delays and the gain-attenuating effect of series tendon com- 1994; Harrison et al. 1983; Nichols 1989). The effect on
pliance. If muscles such as these had reflex connections overall stability and load compensation of these distributed
that mediated positive force feedback, the strength of these reflexes is beyond the scope of the present study, although
connections would either have to be low or under the con- clearly it is of basic importance in understanding the control
text-dependent control of the CNS. It may therefore be the of multisegmented limbs.
case that positive force feedback will only be found in mus- The gain and indeed the sign of force feedback may be
cles, such as the leg extensors, that are inertially rather than strongly modulated according to motor task and behavioral
isometrically loaded and are activated without their antago- set. This is suggested by the switch in force-mediated reflex
nists. action from inhibition to excitation in some muscles in the

In Table 1 we summarize the effect on load compensation transition from static posture to locomotion in the cat (Con-
of different combinations of force and displacement feed- way et al. 1987) and stick insect (Bässler 1983) and also
back as inferred from our study. by the fact that many interneurons may be interposed in the

long-latency and long-duration Ib pathways described by
Biological implications Gossard et al. (1994). No such task-dependent reversal has

been found in short-latency Ia reflex action, although the
What are the wider biological implications of the results? magnitude of H reflexes is reduced when going from stand-

First, we feel that the paradox of homonymous excitatory ing to walking and from walking to running (Capaday and
reflex action from force receptors, with its underlying conno- Stein 1986, 1987).
tation of instability, is now partly resolved. As we have seen, What motor tasks other than locomotion might be underthe dynamic properties and nonlinearities of the mammalian positive force feedback control? The grasp reflex in infants isneuromuscular system are well suited to compensate for the certainly comparable with the affirmative reactions describeddestabilizing tendencies of positive force feedback. Concom-

above. The grasp appears to be triggered by cutaneous inputitant negative feedback of displacement and positive feed-
from the fingers or palm, but its strength and tenacity suggestback of force is therefore a viable and effective configura-
regenerative feedback control. As the nervous system ma-tion. At this stage the neurophysiological evidence for posi-
tures, the grasp response in its most basic form declinestive force feedback in mammals is largely restricted to the
(Forssberg et al. 1995), but it may reappear after uppercat locomotor system (Conway et al. 1987; Guertin et al.
motoneuron lesions (Eliasson et al. 1995). This suggests1995; Pearson and Collins 1993), although some evidence
that the reflex connections are still present after infancy butfor a static postural role in cats and humans has been adduced
that in adults they are under set-related control. The force(Dietz et al. 1992; Pratt 1995). There is also a body of
of a grasp depends on prior evaluation of the load and alsoevidence from invertebrates suggesting positive force feed-
on sensory input related to the force of the load on the fingersback in certain behavioral states (Bässler 1993; Burrows and
and palm (Johansson and Westling 1988). In a series ofPflueger 1988; Lindsey and Gerstein 1977; Pearson 1993).
experiments in which the load was suddenly altered duringAlthough it has become commonplace to assume that the
a pinch grip, Johansson et al. (1992a–c) showed that gripgain of force feedback, whether negative or positive, is gen-
force was scaled to load force in two phases: a rapiderally low (e.g., Bennett et al. 1994; Crago et al. 1976;
‘‘catchup’’ phase with electromyographic latencies in theGottlieb and Agarwal 1980), the evidence is either indirect
range of 60–120 ms (Johansson and Westling 1988; Johans-(e.g., Matthews 1984) or obtained in reduced preparations
son et al. 1992c; Winstein et al. 1991) and a longer-latencyin which the nervous system may not be responding normally
and more gradual ‘‘tracking’’ phase (Johansson et al.(e.g., Hoffer and Andreassen 1981). However, in light of
1992c). Local anesthesia of the thumb and finger tips dis-the recent evidence in the cat locomotor system, this issue
rupted but did not abolish these responses, suggesting cuta-now deserves to be reexamined. In particular, the contribu-
neous mediation with additional force-related sensory inputtion of tendon organ Ib input should be sought in the medi-
from other receptors (Johansson et al. 1992c). Regardlessum- and long-latency (40–100 ms) components of stretch
of the sensory receptors involved, the scaling of grasp forcereflexes, given the stabilizing effect of such latencies in posi-
to load is certainly consistent with segmental positive forcetive feedback pathways. There are some indications that the
feedback, both in latency and effect (D. Collins and A.pathways mediating negative force feedback in some mus-
Prochazka, unpublished data) . One prediction would be thatcles may be active at the same time that positive force feed-

back is active in other muscles (Pratt 1995). Furthermore, force-related medium-latency reflexes should be less subject
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FIG. 6. A : system diagram of simple re-
flex model of Fig. 2 as it appears in Sim-
ulink graphic interface. Note that Matlab
program does not allow an excess of zeros
in a transfer function. This required inclu-
sion of (s / 100) term in shadowed box
and corresponding gain adjustment. B : root
locus plot of static reflex model, showing
how 25-ms delay in positive force feedback
pathway stabilizes system. Without delay
( ) , closed-loop poles cross into posi-
tive half plane for Gfs Å 1.4. Inclusion of
delay (- - -) pulls closed-loop roots back
into negative half plane, thus allowing a
higher gain (Gfs Å 2.38) before instability
occurs. Asterisk: element is a ‘‘slider’’ gain
(i.e., an adjustable component) .

the stability of the systems and the sensitivity of the main conclu-to gating and may be exaggerated in amplitude in infantile
sions to the choice of parameters. Figures 6–9 illustrate the Sim-and spastic grasp responses compared with those in normal
ulink versions of the models and corresponding root locus plots.adults.
The models may be implemented and run without modification in
the Simulink program. For convenience, they may be obtained as

Concluding remarks digital files from the authors or from the following web site: http:
/ /gpu.srv.ualberta.ca/Çaprochaz/hpage.html with the use of theIn this paper we provide a theoretical analysis of the hy-
file names shown in the bottom right corner of each figure.pothesis that positive force feedback confers useful load

compensation in the control of animal movement. Several
Simple modelnonlinear properties of the neuromuscular system appear to

provide stabilizing influences. The neurophysiological evi- Figure 6A shows the simple reflex model. The muscle contractile
dence from different species indicates that the sign and gain element is modeled as a first-order low-pass filter with a cutoff
of force feedback is highly task dependent. This suggests frequency of 8 Hz, somewhat higher than the isometric frequency

response characteristic of cat triceps surae muscles of Rosenthalthat positive force feedback may be appropriate in some
et al. 1970. A mass of 1 kg represents the inertial load borne bymuscles and motor tasks but not in others. Models such as
a cat hindlimb. A force increment of 10 N represents the meanthose presented in this paper may help in understanding the
force developed by triceps surae during the stance phase of slowreason for this task dependence in the future.
gait (Walmsley et al. 1978). Inherent muscle properties are simpli-
fied to a linear viscoelastic element with a stiffness of 0.5 N/

A P P E N D I X mm. The force feedback and displacement feedback signals are
represented without dynamics. The graph element allows a real-Details of the models and root locus analysis
time view of the simulation and the multiplexer element chooses
which signals are displayed. The simulation parameters in this andWe analyzed several versions of the models presented in this

paper with the use of Bode, root locus, and Nyquist plots. The idea the dynamic reflex model were set for a 5-s run time of the Runge-
Kutta-3 algorithm, with minimum and maximum steps of 0.5 ms.was to see whether any generalizations could be made regarding
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FIG. 7. Diagram of nonlinear reflex model of Fig. 3 as it appears in Simulink interface. As in Fig. 6A, because Matlab
program does not allow an excess of zeros in a transfer function, extra poles and corresponding gain adjustments appear in
shadowed boxes. In force feedback pathway we used either a time delay or a 1st-order low-pass filter element (dashed boxes
at top left) . Muscle spindle Ia responses were modeled either with a linear transfer function or nonlinear model described
in text (dashed boxes at bottom left) .

The model is highly simplified yet we found that, despite this, pulls the closed-loop roots back into the negative half plane, thus
allowing a higher gain (Gfs Å 2.38) before instability occurs. Thisits closed-loop behavior showed all of the essential characteristics

of the biologically more representative nonlinear models. This is stabilizing action of a delay in the positive feedback pathway was
unexpected and mirrors the stabilizing action of phase advances inthe strongest argument for the generality of our conclusions.

Figure 6B shows the root locus analysis of the closed-loop be- negative feedback loops.
havior of the simple model with and without the 25-ms delay in
the force feedback pathway. Without the delay the closed-loop Nonlinear reflex model
poles cross into the positive half plane for Gfs Å 1.4. Inclusion of
the delay (represented by a 2nd-order Padé approximation, with The nonlinear reflex model is more complex because it includes

the b-skeletofusimotor loop, tendon compliance, and nonlinearpairs of zeros and poles at {120 and {j69.3 rad/s, respectively)
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FIG. 8. System block diagram showing how a portion of nonlinear model of Fig. 6 is used to compute force loop gain.
Length is treated as a contingent parameter (staircase generator at bottom right) . A 1-Hz sinusoidal signal is supplied to
input of force-sensing element. This transmits a signal via feedback pathway to contractile element, which, after combination
with muscle intrinsic properties, results in a force output. Input and output force signals and displacement signal are gathered
together and plotted against time. Force loop gain Gf is computed as ratio of output force signal to input force signal.

force-velocity and length-tension relationships that are combined element, assuming a unity value of output from the a-motoneuron
element, is set to a baseline value of 1 N/mm (Bawa et al. 1976).multiplicatively with the neural input to muscle. There is also an

alternative nonlinear model of spindle Ia transduction. Even so, The force-velocity curve was based on the work of Winters (1990)
and is made up of a Hill-type hyperbolic function for negativeseveral known properties of the neuromuscular system are ne-

glected, such as force-dependent tendon compliance, high-pass fil- (shortening) velocities and an exponential function for positive
(stretch) velocities. The peak force for rapid stretches was assumedtering in the central nervous portion of the Ia reflex arc, Renshaw

cell inhibition, etc. The validity of any model must be balanced to be 50% greater than the isometric force (Winters 1990). Numer-
ous shape constants were explored to mimic the range of length-against complexity (Winters 1990). We feel that our nonlinear

model captures enough of the properties of the system to provide tension and force-velocity curves in the literature. Force feedback
was represented by a linear transfer function. That of Houk andinsight into the mechanism of interaction of muscle properties and

force feedback and displacement feedback without getting lost in Simon (1967) is shown in Fig. 7, but that of Anderson (1974)
was also tested. Spindle Ia feedback was modeled by a linearsuperfluous detail. The basic validity of the conclusions drawn

from the modeling is supported by the data from the previous transfer function (Chen and Poppele 1978), or, alternatively by
the Houk et al. (1981) nonlinear model modified in the followingpaper, in which real muscles were part of the feedback system.
way

Ia response Å constant1 / constant2∗( length-lengtho)∗velocity0.3

Choice of parameters
Ia response Å constant1 / constant2∗( length-lengtho)∗velocity0.5

The mass and external force parameters are the same as those where constant1 , constant2 , and lengtho were derived from best fits
of the simple model. Muscle properties are modeled with five main to chronic cat Ia firing profiles (A. Prochazka and M. Gorassini,
elements: the contractile element, the force-velocity relationship, unpublished data) . The Simulink representation of the Houk-type
the length-tension relationship, passive parallel stiffness, and ten- models is shown in Fig. 7. Note that this model assumes response
don compliance. The contractile element is modeled as a first-order symmetry for positive and negative velocities ( the model of Houk
low-pass filter with a cutoff frequency of 3.2 Hz. Feedback via the et al. 1981 was not specified for negative velocities) .
series ( tendon) compliance adds a second pole, also at Ç3 Hz, The 30- to 40-ms latency of autogenetic Ib excitation seen in
giving an overall second-order characteristic in line with the iso- cat locomotion (Gossard et al. 1994; Guertin et al. 1995) was
metric data of Rosenthal et al. 1970. Tendon compliance is repre- modeled either as a simple time delay or as a single pole, p / (s /
sented as a constant of 0.05 mm/N (Elek et al. 1990; Rack and p) , where the baseline setting of the turning point frequency p was
Westbury 1984). Force dependence of tendon compliance is ne- 33 rad/s, giving a time constant of 33 ms.
glected. The length-tension curve is a sigmoidal relationship made

Parametric sensitivityup of two exponential functions. The baseline shape constants and
offsets were chosen to mimic the ascending portion of the curves We studied the effect on closed-loop behavior of individually

varying the main parameters of the nonlinear model from the base-described by Rack and Westbury (1969). The mean stiffness of this

J142-6/ 9k13$$ju40 08-05-97 10:19:34 neupal LP-Neurophys



A. PROCHAZKA, D. GILLARD, AND D. J. BENNETT3248

FIG. 9. A : linearized version of nonlinear model of Fig. 7. B : root locus analysis of linearized model to show why 40-
ms delay in positive force feedback pathway stabilizes system. B : without delay, closed-loop poles cross into positive half
plane for G f Å 1.2. Inclusion of delay (represented by a 2nd-order Padé approximation, with pairs of zeros and poles at
{75 and {j43.3 rad/s, respectively) pulls closed-loop roots back into negative half plane, thus allowing a higher gain
(G f Å 2.5) before instability occurs.

line operating settings shown in the block elements of Fig. 7. Table and length-tension curves are defined in the following equations
used in the simulations2 shows the results. The range shown in Table 2, third column, is

that over which the parameters could be varied without instability
for velocity ú 0, force Å constant∗(1 / 0.5∗e0a∗velocity )occurring or without any fundamental change in the closed-loop

behavior in relation to our main conclusions. For all simulations
for velocity õ 0, force Å constant/(1 0 b∗velocity)in this analysis a step size of 0.5 ms was used. Larger step sizes

(e.g., 1 ms) sometimes produced instability for computational rea- for length ú 0, force Å constant∗(1 0 e0c∗ length )
sons. In two cases the settings of several parameters were changed,
as indicated in Table 2, third column. This was to explore paramet- for length õ 0, force Å constant∗(01 / e c∗ length )
ric sensitivity in situations of particular interest, such as force
feedback alone. The shape parameters a–c of the force-velocity (Length Å 0 at the point of inflection of the sigmoidal length-
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for a certain range of gain. This allows for higher closed-loop gainsTABLE 2. Parametric sensitivity analysis
before the roots cross into the positive half plane. However, this
was only true over a limited range of delays (typically betweenBaseline Other Parameter

Parameter Value Range Settings 10 and 200 ms in the models we studied). Furthermore, with some
parametric combinations, delays did not stabilize the systems. For

Mass 1 kg 0.05–3 kg Baseline example, if in-series ( tendon) compliance was made very high in
External force 10 N 0–100 N Baseline the reflex models, the system could not be stabilized by delays in
Setpoint (input) 1 01–40 Baseline the positive force feedback pathway. Thus, in much the same way
Gd 0.5 0–2 Baseline that a properly designed phase-lead compensator will contribute aGb 0.1 0–1 Baseline

positive angle which may aid in the stabilization of a negativeGf 1 0–17 Baseline
feedback system, we can conclude that delays in positive feedbackForce feedback delay 40 ms 0–1 s Baseline
pathways may have a stabilizing influence, but this is not necessar-Force feedback delay 40 ms 25–100 ms Gd Å 0, Gb Å 0,

Gf Å 4 ily the case in all such systems.
Force feedback pole 33 rad/s 0–75 rad/s Gd Å 0, Gb Å 0,

Gf Å 4
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Foot strike patterns and collision forces in habitually
barefoot versus shod runners
Daniel E. Lieberman1, Madhusudhan Venkadesan1,2*, William A. Werbel3*, Adam I. Daoud1*, Susan D’Andrea4,
Irene S. Davis5, Robert Ojiambo Mang’Eni6,7 & Yannis Pitsiladis6,7

Humans have engaged in endurance running for millions of years1,
but the modern running shoe was not invented until the 1970s. For
most of human evolutionary history, runners were either barefoot
or wore minimal footwear such as sandals or moccasins with smal-
ler heels and little cushioning relative to modern running shoes.
We wondered how runners coped with the impact caused by the
foot colliding with the ground before the invention of the modern
shoe. Here we show that habitually barefoot endurance runners
often land on the fore-foot (fore-foot strike) before bringing down
the heel, but they sometimes land with a flat foot (mid-foot strike)
or, less often, on the heel (rear-foot strike). In contrast, habitually
shod runners mostly rear-foot strike, facilitated by the elevated
and cushioned heel of the modern running shoe. Kinematic and
kinetic analyses show that even on hard surfaces, barefoot runners
who fore-foot strike generate smaller collision forces than shod
rear-foot strikers. This difference results primarily from a more
plantarflexed foot at landing and more ankle compliance during
impact, decreasing the effective mass of the body that collides with
the ground. Fore-foot- and mid-foot-strike gaits were probably
more common when humans ran barefoot or in minimal shoes,
and may protect the feet and lower limbs from some of the impact-
related injuries now experienced by a high percentage of runners.

Running can be most injurious at the moment the foot collides
with the ground. This collision can occur in three ways: a rear-foot
strike (RFS), in which the heel lands first; a mid-foot strike (MFS), in
which the heel and ball of the foot land simultaneously; and a fore-
foot strike (FFS), in which the ball of the foot lands before the heel
comes down. Sprinters often FFS, but 75–80% of contemporary shod
endurance runners RFS2,3. RFS runners must repeatedly cope with
the impact transient of the vertical ground reaction force, an abrupt
collision force of approximately 1.5–3 times body weight, within the
first 50 ms of stance (Fig. 1a). The time integral of this force, the
impulse, is equal to the change in the body’s momentum during this
period as parts of the body’s mass decelerate suddenly while others
decelerate gradually4. This pattern of deceleration is equivalent to
some proportion of the body’s mass (Meff, the effective mass) stop-
ping abruptly along with the point of impact on the foot5. The rela-
tion between the impulse, the body’s momentum and Meff is
expressed as

ðT

0{

Fz(t)~Mbody(DvcomzgT )~Mef f ({vfootzgT ) ð1Þ

where Fz(t) is the time-varying vertical ground reaction force, 02 is
the instant of time before impact, T is the duration of the impact

transient, Mbody is the body mass, vcom is the vertical speed of the
centre of mass, vfoot is the vertical speed of the foot just before impact
and g is the acceleration due to gravity at the Earth’s surface.

Impact transients associated with RFS running are sudden forces
with high rates and magnitudes of loading that travel rapidly up the
body and thus may contribute to the high incidence of running-
related injuries, especially tibial stress fractures and plantar
fasciitis6–8. Modern running shoes are designed to make RFS running
comfortable and less injurious by using elastic materials in a large
heel to absorb some of the transient force and spread the impulse over
more time9 (Fig. 1b). The human heel pad also cushions impact
transients, but to a lesser extent5,10,11, raising the question of how
runners struck the ground before the invention of modern running
shoes. Previous studies have found that habitually shod runners tend
to adopt a flatter foot placement when barefoot than when shod, thus
reducing stresses on the foot12–15, but there have been no detailed
studies of foot kinematics and impact transients in long-term habitu-
ally barefoot runners.

We compared foot strike kinematics on tracks at preferred endurance
running speeds (4–6 m s21) among five groups controlled for age and
habitual footwear usage (Methods and Supplementary Data 2). Adults
were sampled from three groups of individuals who run a minimum of
20 km per week: (1) habitually shod athletes from the USA; (2) athletes
from the Rift Valley Province of Kenya (famed for endurance running16),
most of whom grew up barefoot but now wear cushioned shoes when
running; and (3) US runners who grew up shod but now habitually run
barefoot or in minimal footwear. We also compared adolescents from
two schools in the Rift Valley Province: one group (4) who have never
worn shoes; and another group (5) who have been habitually shod most
of their lives. Speed, age and distance run per week were not correlated
significantly with strike type or foot and ankle angles within or among
groups. However, because the preferred speed was approximately
1 m s21 slower in indoor trials than in outdoor trials, we made statistical
comparisons of kinematic and kinetic data only between groups 1 and 3
(Table 1).

Strike patterns vary within subjects and groups, but these trials
(Table 1 and Supplementary Data 6) confirm reports2,3,9 that habitu-
ally shod runners who grew up wearing shoes (groups 1 and 5) mostly
RFS when shod; these runners also predominantly RFS when barefoot
on the same hard surfaces, but adopt flatter foot placements by dorsi-
flexing approximately 7–10u less (analysis of variance, P , 0.05). In
contrast, runners who grew up barefoot or switched to barefoot run-
ning (groups 2 and 4) most often used FFS landings followed by heel
contact (toe–heel–toe running) in both barefoot and shod conditions.
MFS landings were sometimes used in barefoot conditions (group 4)
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and shod conditions (group 2), but RFS landings were infrequent
during barefoot running in both groups. A major factor contributing
to the predominance of RFS landings in shod runners is the cushioned
sole of most modern running shoes, which is thickest below the heel,
orienting the sole of the foot so as to have about 5u less dorsiflexion
than does the sole of the shoe, and allowing a runner to RFS comfort-
ably (Fig. 1). Thus, RFS runners who dorsiflex the ankle at impact have
shoe soles that are more dorsiflexed relative to the ground, and FFS
runners who plantarflex the ankle at impact have shoe soles that are
flatter (less plantarflexed) relative to the ground, even when knee and
ankle angles are not different (Table 1). These data indicate that habitu-
ally unshod runners RFS less frequently, and that shoes with elevated,
cushioned heels facilitate RFS running (Supplementary Data 3).

Kinematic differences among foot strikes generate markedly differ-
ent collision forces at the ground, which we compared in habitually

shod and barefoot adult runners from the USA during RFS and FFS
running (Methods and Supplementary Data 2). Whereas RFS land-
ings cause large impact transients in shod runners and even larger
transients in unshod runners (Fig. 1a, b), FFS impacts during toe–
heel–toe gaits typically generate ground reaction forces lacking a dis-
tinct transient (Fig. 1c), even on a stiff steel force plate4,17–19. At similar
speeds, magnitudes of peak vertical force during the impact period
(6.2 6 3.7% (all uncertainties are s.d. unless otherwise indicated) of
stance for RFS runners) are approximately three times lower in habi-
tual barefoot runners who FFS than in habitually shod runners who
RFS either barefoot or in shoes (Fig. 2a). Also, over the same percent-
age of stance the average rate of loading in FFS runners when barefoot
is seven times lower than in habitually shod runners who RFS when
barefoot, and is similar to the rate of loading of shod RFS runners
(Fig. 2b). Further, in the majority of barefoot FFS runners, rates of
loading were approximately half those of shod RFS runners.

Modelling the foot and leg as an L-shaped double pendulum that
collides with the ground (Fig. 3a) identifies two biomechanical factors,
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Figure 1 | Vertical ground reaction forces and foot kinematics for three foot
strikes at 3.5 m s21 in the same runner. a, RFS during barefoot heel–toe
running; b, RFS during shod heel–toe running; c, FFS during barefoot
toe–heel–toe running. Both RFS gaits generate an impact transient, but
shoes slow the transient’s rate of loading and lower its magnitude. FFS
generates no impact transient even in the barefoot condition.
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Figure 2 | Variation in impact transients. a, b, Magnitude (a) and rate of
loading (b) of impact transient in units of body weight for habitually shod
runners who RFS (group 1; open boxes) and habitually barefoot runners
who FFS when barefoot (group 3; shaded boxes). The rate of loading is
calculated from 200 N to 90% of the impact transient (when present) or to
6.2 6 3.7% (s.d.) of stance phase (when impact transient absent). The impact
force is 0.58 6 0.21 bodyweights (s.d.) in barefoot runners who FFS, which is
three times lower than in RFS runners either barefoot (1.89 6 0.72 body
weights (s.d.)) or in shoes (1.74 6 0.45 body weights (s.d.)). The average rate
of impact loading for barefoot runners who FFS is 64.6 6 70.1 body weights
per second (s.d.), which is similar to that for shod RFS runners
(69.7 6 28.7 body weights per second (s.d.)) and seven times lower than that
for shod runners who RFS when barefoot (463.1 6 141.0 body weights per
second (s.d.)). The nature of the measurement (force versus time) is shown
schematically by the grey and red lines. Boxes, mean 6 s.d.;
whiskers, mean 6 2 s.d.
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namely the initial point of contact and ankle stiffness, that decrease
Meff and, hence, the magnitude of the impact transient (equation (1)
and Supplementary Data 4). A RFS impact typically occurs just below
the ankle, under the centre of mass of the foot plus leg, and with
variable plantarflexion (Fig. 3b). Therefore, the ankle converts little
translational energy into rotational energy and most of the trans-
lational kinetic energy is lost in the collision, leading to an increase
in Meff (ref. 20). In contrast, a FFS impact occurs towards the front of
the foot (Fig. 3a), and the ankle dorsiflexes as the heel drops under
control of the triceps surae muscles and the Achilles tendon (Fig. 3b).
The ground reaction force in a FFS therefore torques the foot around
the ankle, which reduces Meff by converting part of the lower limb’s
translational kinetic energy into rotational kinetic energy, especially in
FFS landings with low ankle stiffness (Fig. 3a). We note that MFS
landings with intermediate contact points are predicted to generate
intermediate Meff values.

The conservation of angular impulse momentum during a rigid
plastic collision can be used to predict Meff as a function of the
location of the centre of pressure at impact for ankles with zero
and infinite joint stiffnesses (Supplementary Data 4). Figure 3 shows
model values of Meff for an average foot and shank comprising 1.4%
and 4.5% Mbody, respectively, where the shank is 1.53 times longer
than the foot21. Meff can be calculated, using experimental data from
equation (1), as

Mef f ~

Ð T

0{ Fz(t) dt

{vfootzgT
ð2Þ

Using equation (2) with kinematic and kinetic data from groups 1
and 3 (Methods), we find that Meff averages 4.49 6 2.24 kg for RFS
runners in the barefoot condition and 1.37 6 0.42 kg for habitual bare-
foot runners who FFS (Fig. 3a). Normalized to Mbody, the average Meff is
6.8 6 3.0% for barefoot RFS runners and 1.7 6 0.4% for barefoot FFS
runners. For all RFS landings, these values are not significantly different
from the predicted Meff values for a rigid ankle (5.5–5.9% Mbody) or a
compliant ankle (3.4–5.9% Mbody), indicating that ankle compliance
has little effect and that there is some contribution from mass above
the knee, which is very extended in these runners (Fig. 3b). For FFS
landings, Meff values are smaller than the predicted values for a rigid
ankle (2.7–4.1% Mbody) and are insignificantly greater than those pre-
dicted for a compliant ankle (0.45–1.1% Mbody), suggesting low levels of
ankle stiffness. These results therefore support the prediction that FFS
running generates collisions with a much lower Meff than does RFS
running. Furthermore, MFS running is predicted to generate inter-
mediate Meff values with a strong dependence on the centre of pressure
at impact and on ankle stiffness.

How runners strike the ground also affects vertical leg compliance,
defined as the drop in the body’s centre of mass relative to the vertical
force during the period of impact. Vertical compliance is greater in
FFS running than in RFS running, leading to a lower rate of loading
(Fig. 3c). More compliance during the impact period in FFS runners
is partly explained by a 74% greater drop in the centre of mass (t-test,
P , 0.009), resulting, in part, from ankle dorsiflexion and knee
flexion (Fig. 3b). In addition, like shod runners, barefoot runners
adjust leg stiffness depending on surface hardness22. As a result, we
found no significant differences in rates or magnitudes of impact
loading in barefoot runners on hard surfaces relative to cushioned
surfaces (Supplementary Data 5).

Differences between RFS and FFS running make sense from an
evolutionary perspective. If endurance running was an important
behaviour before the invention of modern shoes, then natural selec-
tion is expected to have operated to lower the risk of injury and
discomfort when barefoot or in minimal footwear. Most shod runners
today land on their heels almost exclusively. In contrast, runners who
cannot or prefer not to use cushioned shoes with elevated heels often
avoid RFS landings and thus experience lower impact transients than
do most shod runners today, even on very stiff surfaces (Fig. 2). Early
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the barefoot condition (Methods). The solid and dotted lines show predicted
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different centres of pressure. b, During the impact period, FFS runners (filled
boxes) dorsiflex the ankle rather than plantarflexing it, and have more ankle
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logarithm) during the impact-transient period (ratio of vertical hip drop
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bipedal hominins such as Australopithecus afarensis had enlarged
calcaneal tubers and probably walked with a RFS23. However, they
lacked some derived features of the modern human foot, such as a
strong longitudinal arch1,24 that functionally improves the mass–
spring mechanics of running by storing and releasing elastic energy25.
We do not know whether early hominins ran with a RFS, a MFS or a
FFS gait. However, the evolution of a strong longitudinal arch in genus
Homo would increase performance more for non-RFS landings
because the arch stretches passively during the entire first half of stance
in FFS and MFS gaits. In contrast, the arch can stretch passively only
later in stance during RFS running, when both the fore-foot and the
rear-foot are on the ground. This difference may account for the lower
cost of barefoot running relative to shod running15,26.

Evidence that barefoot and minimally shod runners avoid RFS
strikes with high-impact collisions may have public health implica-
tions. The average runner strikes the ground 600 times per kilometre,
making runners prone to repetitive stress injuries6–8. The incidence of
such injuries has remained considerable for 30 years despite technolo-
gical advancements that provide more cushioning and motion control
in shoes designed for heel–toe running27–29. Although cushioned,
high-heeled running shoes are comfortable, they limit proprioception
and make it easier for runners to land on their heels. Furthermore,
many running shoes have arch supports and stiffened soles that may
lead to weaker foot muscles, reducing arch strength. This weakness
contributes to excessive pronation and places greater demands on the
plantar fascia, which may cause plantar fasciitis. Although there are
anecdotal reports of reduced injuries in barefoot populations30, con-
trolled prospective studies are needed to test the hypothesis that
individuals who do not predominantly RFS either barefoot or in
minimal footwear, as the foot apparently evolved to do, have reduced
injury rates.

METHODS SUMMARY

We studied five subject groups (Table 1 and Supplementary Data 1), both bare-

foot and in running shoes. Habitually shod and barefoot US subjects ran over a

force plate embedded 80% of the way along a 20–25-m-long indoor track. We

quantified joint angles using a three-dimensional infrared kinematic system

(Qualysis) at 240 Hz and a 500-Hz video camera (Fastec InLine 500M). African
subjects were recorded on a 20–25-m outdoor track of hard dirt using a 500-Hz

video camera. All subjects ran at preferred speeds with several habituation trials

before each condition, and were recorded for five to seven trials per condition. We

taped kinematic markers on joints and segments in all subjects. Video frames were

analysed using IMAGEJ (http://rsb.info.nih.gov/nih-image/) to measure the

angle of the plantar surface of the foot relative to earth horizontal (plantar foot

angle), as well as ankle, knee and hip angles (Methods). We recorded the vertical

ground reaction force (Fz) in US subjects at 4,800 Hz using AMTI force plates

(BP400600 Biomechanics Force Platform), and normalized the results to body

weight. The impact-transient magnitude and percentage of stance were measured

at peak, and the rate of loading was quantified between 200 N and 90% of peak

(following ref. 18). When there was no distinct impact transient, the same

parameters were measured at the same percentage of stance plus/minus 1 s.d. as

determined for each condition in trials with an impact transient. The effective

mass (Meff) in RFS runners was calculated using the integral of Fz (equation (2))

between the time when Fz exceeded 4 s.d. above baseline noise and the time when

the transient peak was reached as measured in RFS runners; the impulse over the

same percentage of stance (6.2 6 3.7%) was used to calculated Meff in FFS runners.

Vertical foot and leg speed were calculated using a central difference method and

the three-dimensional kinematic data.

Full Methods and any associated references are available in the online version of
the paper at www.nature.com/nature.
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METHODS
Subjects. We used five groups of subjects (outlined in Table 1 and Supplemental

Table 1), including the following three groups of adults. Group 1 comprised

amateur and collegiate athletes from the Harvard University community,

recruited by word of mouth, all of whom were habitually shod since early child-

hood. Group 2 comprised Kalenjin athletes from the Rift Valley Province of

Kenya, all training for competition, and recruited by word of mouth in the town

of Kapsabet and at Chepkoilel Stadium, Eldoret. All adult Kenyan subjects were

habitually shod, but 75% did not start wearing shoes and training in running

shoes until late adolescence. Group 3 comprised self-identified habitual barefoot
runners from the USA, recruited through the internet, who run either barefoot

and/or in minimal footwear such as Vibram FiveFingers shoes, defined as lacking

arch support and cushioning. In addition, two groups of adolescent subjects

(aged 11–16 yr) were sampled from two schools in the Kalenjin-speaking region

of Kenya. Group 4 comprised habitually unshod runners (N 5 16; eight male,

eight female) recruited from a rural primary school in the South Nandi District

of Kenya in which none of children have ever worn shoes (verified by observation

and interviews with teachers at the school). Group 5 comprised habitually shod

runners (N 5 16; nine male, seven female) recruited from an urban primary

school in Eldoret in which all of the children have been habitually shod since

early childhood.

For all adults, criteria for inclusion in the study included a minimum of 20 km

per week of distance running and no history of significant injury during the

previous six months. Habitual barefoot runners were included if they had run

either barefoot or in minimal footwear for more than six months and if more

than 66% of their running was either barefoot or in minimal footwear. To

compare habitual barefoot FFS (toe–heel–toe) runners and habitually shod

RFS (heel–toe) runners, we analysed kinematic and kinetic data from subsamples
of six RFS runners from group 1 and six FFS runners from group 3 in greater

depth (Supplementary Data Table 1).

All information on subject running history was self-reported (with the assist-

ance of teachers for the Kenyan adolescents). All subjects participated on a

voluntary basis and gave their informed consent according to the protocols

approved by the Harvard Institutional Review Board and, for Kenyan subjects,

the Moi University Medical School. Subjects were not informed about the hypo-

theses tested before recording began.

Treatments. All subjects were recorded on flat tracks approximately 20–25-m

long. Subjects in groups 1–3 and 5 were recorded barefoot and in running shoes.

A neutral running shoe (ASICS GEL-CUMULUS 10) was provided for groups 1

and 3, but groups 2 and 5 ran in their own shoes. Subjects in group 4 were

recorded only in the barefoot condition because they had never worn shoes.

For groups 1 and 3, two force plates (see below) were embedded at ground level

80% of the way along the track, with a combined force-plate length of 1.2 m.

Force plates were covered with grip tape (3M Safety-Walk Medium Duty

Resilient Tread 7741), and runners were asked to practice running before record-

ing began so that they did not have to modify their stride to strike the plates.
Kenyan runners in groups 2, 4 and 5 were recorded on flat, outdoor dirt tracks

(with no force plates) that were 20–25-m long and cleaned to remove any pebbles

or debris. In all groups, subjects were asked to run at a preferred speed and were

given several habituation trials before each data collection phase, and were

recorded in five to seven trials per condition, with at least one minute’s rest

between trials to avoid fatigue.

Kinematics. To record angles in lateral view of the ankle, knee, hip and plantar

surface of the foot, a high-speed video camera (Fastec InLine 500M, Fastec

Imaging) was placed approximately 0.5 m above ground level between 2.0 and

3.5 m lateral to the recording region and set to record at 500 Hz. Circular markers

were taped on the posterior calcaneus (at the level of the Achilles tendon inser-

tion), the head of metatarsal V, the lateral malleolus, the joint centre between the

lateral femoral epicondyle and the lateral tibial plateau (posterior to Gerdy’s

tubercle), the midpoint of the thigh between the lateral femoral epicondyle

and the greater trochantor of the femur (in groups 2, 4 and 5); the greater tro-

chantor of the femur (only in groups 1 and 3); and the lateral-most point on the

anterior superior iliac spine (only in groups 1 and 3). We could not place hip and

pelvis markers on adolescent Kenyan subjects (groups 4 and 5). IMAGEJ (http://

rsb.info.nih.gov/nih-image/) was used to measure three angles in all subjects: (1)

the plantar foot angle, that is, the angle between the earth horizontal and the

plantar surface of the foot (calculated using the angle between the lines formed by

the posterior calcaneus and metatarsal V head markers and the earth horizontal

at impact, and corrected by the same angle during quiet stance); (2) the ankle

angle, defined by the metatarsal V head, lateral malleolus and knee markers; (3)

the knee angle, defined by the line connecting the lateral malleolus and the knee

and the line connecting the knee and the thigh midpoint (or greater trochantor).

Hip angle was also measured in groups 1 and 2 as the angle between the lateral

femoral condyle, the greater trochantor and the anterior superior iliac spine. All

angles were corrected against angles measured during a standing, quiet stance.

Average measurement precision, determined by repeated measurements (more

than five) on the same subjects was 60.26u.
Under ideal conditions, plantar foot angles greater than 0u indicate a FFS,

angles less than 0u indicate a RFS (heel strike) and angles of 0u indicate a MFS.

However, because of inversion of the foot at impact, lighting conditions and

other sources of error, determination of foot strike type was also evaluated by

visual examination of the high-speed video by three of us. We also note that ankle

angles greater than 0u indicate plantarflexion and that angles less than 0u indicate

dorsiflexion.

Additional kinematic data for groups 1 and 3 were recorded with a six-camera

system (ProReflex MCU240, Qualysis) at 240 Hz. The system was calibrated

using a wand with average residuals of ,1 mm for all cameras. Four infrared

reflective markers were mounted on two 2-cm-long balsawood posts, affixed to

the heel with two layers of tape following methods described in ref. 18. The

average of these four markers was used to determine the total and vertical speeds

of the foot before impact.

Kinetics. Ground reaction forces (GRFs) were recorded in groups 1 and 3 at

4,800 Hz using force plates (BP400600 Biomechanics Force Platform, AMTI).

All GRFs were normalized to body weight. Traces were not filtered. When a

distinct impact transient was present, transient magnitude and the percentage

of stance was measured at peak; the rate of loading was quantified between 200 N

and 90% of the peak (following ref. 18); the instantaneous rate of loading was

quantified over time intervals of 1.04 ms. When no distinct impact transient was

present, the same parameters were measured using the average percentage of

stance 61 s.d. as determined for each condition in trials with an impact transient.

Estimation of effective mass. For groups 1 and 3, we used equation (2) to estimate

the effective mass that generates the impulse at foot landing. The start of the impulse

was identified as the instant at which the vertical GRF exceeded 4 s.d. of baseline

noise above the baseline mean, and its end was chosen to be 90% of the impact

transient peak (a ‘real’ time point among RFS runners, the average of which was used

as the end of the transient in FFS runners who lacked a transient); this resulted in an

impulse experienced, on average, through the first 6.2 6 3.7% of stance. The integral

of vertical GRF over the period of the impulse is the total impulse and was calculated

using trapezoidal numerical integration within the MATLAB 7.7 environment using

the TRAPZ function (Mathworks). Three-dimensional kinematic data of the

foot (see above) were low-pass-filtered using a fourth-order Butterworth filter with

a 25-Hz cut-off frequency. The vertical speed at the moment of impact was found by

differentiating the smoothed vertical coordinate (smoothed with a piecewise-cubic

Hermite interpolating polynomial) of the foot using numerical central difference.

To minimize the effects of measurement noise, especially because we used differ-

entiated data, we used the average of the three samples measured immediately before

impact in calculating the impact speed. Meff was then estimated as the ratio of the

vertical GRF impulse (found by numerical integration) and the vertical impact speed

(found by numerical differentiation).
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Abstract

Background: Previous studies have reported that walking cadence (steps/min) is associated with absolutely-defined
intensity (metabolic equivalents; METs), such that cadence-based thresholds could serve as reasonable proxy values
for ambulatory intensities.

Purpose: To establish definitive heuristic (i.e., evidence-based, practical, rounded) thresholds linking cadence with
absolutely-defined moderate (3 METs) and vigorous (6 METs) intensity.

Methods: In this laboratory-based cross-sectional study, 76 healthy adults (10 men and 10 women representing
each 5-year age-group category between 21 and 40 years, BMI = 24.8 ± 3.4 kg/m2) performed a series of 5-min
treadmill bouts separated by 2-min rests. Bouts began at 0.5 mph and increased in 0.5 mph increments until
participants: 1) chose to run, 2) achieved 75% of their predicted maximum heart rate, or 3) reported a Borg
rating of perceived exertion > 13. Cadence was hand-tallied, and intensity (METs) was measured using a portable
indirect calorimeter. Optimal cadence thresholds for moderate and vigorous ambulatory intensities were identified
using a segmented regression model with random coefficients, as well as Receiver Operating Characteristic (ROC)
models. Positive predictive values (PPV) of candidate heuristic thresholds were assessed to determine final
heuristic values.

Results: Optimal cadence thresholds for 3 METs and 6 METs were 102 and 129 steps/min, respectively, using
the regression model, and 96 and 120 steps/min, respectively, using ROC models. Heuristic values were set at
100 steps/min (PPV of 91.4%), and 130 steps/min (PPV of 70.7%), respectively.

Conclusions: Cadence thresholds of 100 and 130 steps/min can serve as reasonable heuristic thresholds
representative of absolutely-defined moderate and vigorous ambulatory intensity, respectively, in 21–40 year
olds. These values represent useful proxy values for recommending and modulating the intensity of ambulatory
behavior and/or as measurement thresholds for processing accelerometer data.

Trial registration: Clinicaltrials.gov (NCT02650258).

Keywords: Physical activity, Pedometer, Accelerometer, Exercise

Introduction
Objective monitoring of physical activity has quickly
advanced since the millennium with the increasing and
widespread availability of a variety of research- and
consumer-grade wearable technologies. It is evident, how-
ever, that despite the diversity of design, most technologies
capable of monitoring the wearer’s physical activity offer

step counting as one of the detectable metrics. Step count-
ing has been embraced by researchers [1], clinicians [2], and
consumers [3] as an intuitively simple approach to commu-
nicating physical activity volume, expressed typically as
steps/day. More recently, it has become recognized that the
time-stamped sampling nature of accelerometry-based phys-
ical activity monitors also uniquely lends itself to the
minute-by-minute study of ambulatory behavior in terms of
cadence (steps/min) enacted in free-living contexts [4].
Cadence and stride length combine to determine

speed of ambulation. Cadence is the principal strategy
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for increasing over-ground ambulatory speed, at least up
to a self-selected preferred speed [5]. At least six studies
[6–11] have proposed a cadence of 100 steps/min as a
reasonable heuristic threshold (evidence-based, practical,
rounded value) associated with absolutely-defined mod-
erate intensity (3 metabolic equivalents, METs; 1 MET =
3.5 mL/kg/min of O2 consumption), which is the min-
imal level of intensity recommended in public health
physical activity guidelines [12, 13]. Further investigation
is required to confirm this heuristic threshold in a pur-
posefully sex-and-age structured sample, and also to
consider other cadence thresholds across a broader
spectrum of MET-determined levels of intensity up to
and including vigorous intensity (i.e., 3, 4, 5, and 6
METs). This information is critical to providing a
minimally processed and translatable objectively mon-
itored metric with established intensity thresholds
across the lifespan.
The primary aim of the CADENCE-Adults study was

to identify heuristic cadence thresholds associated with
increasing intensity during walking. It expands on
CADENCE-Kids, a preliminary study of cadence and in-
tensity in 6–20 year olds [14]. This initial manuscript in
the adult data series reports sex-and-age balanced data
collected from 21 to 40 year olds (comparable to
previously published samples). It represents the first in-
stallment in a planned series arising from the CADENCE-
Adults study which upon completion will establish
heuristic cadence-intensity thresholds for walking across
the adult lifespan of 21–85 years old.

Methods
Study design and regulatory information
CADENCE-Adults is a laboratory-based cross-sectional
study, conducted in the Physical Activity and Health La-
boratory, Department of Kinesiology, University of Mas-
sachusetts Amherst. The study protocol was approved
by the University of Massachusetts Amherst Institutional
Review Board. Informed consent was obtained from all
participants prior to enrolment and data collection.
The study was also registered with Clinicaltrials.gov
(NCT02650258). Study recruitment for this cohort
(21–40 year olds) began in December 2015, and the data
was collected between January and October, 2016.

Participants and sample size calculation
Based on unpublished pilot testing, we determined that
a minimum sample size of 8 participants per 5-year age
category between 21 and 40 years (21–25, 26–30, 31–35,
36–40 years of age) was required to estimate the sample
mean value of cadence associated with 3 METs to
within ±10 steps/min with 95% confidence. To ensure
a balanced sex-and-age distribution across the targeted
age range, and to accommodate for the possibility of

attrition and/or incomplete data, 10 men and 10 women
for each 5-year age-group category were recruited, for a
total of 80 participants. This strategic recruitment plan
minimizes important sources of bias (i.e., sex and age) and
improves the generalizability of the findings. Because the
study’s intended focus was on ambulatory activity, poten-
tial participants who used wheelchairs or had other
impairments that prevented normal ambulation were ex-
cluded. Additional exclusion criteria were Stage 2 hyperten-
sion (systolic blood pressure ≥ 160mmHg or diastolic blood
pressure ≥ 100mmHg), current tobacco use, hospitalization
for mental illness within the previous 5 years, body mass
index (BMI) < 18.5 kg/m2 or > 40 kg/m2, cardiovascular dis-
ease or stroke, conditions or medications that could affect
heart rate response to exercise, pacemakers or other im-
planted medical devices, and pregnancy. The 2013 edition
of the American College of Sports Medicine Resources for
The Health Fitness Specialist as well as the American Heart
Association’s risk stratification recommendations presented
in the same American College of Sports Medicine resource
[12] were used to establish risk stratification. Following this
screening process, low risk individuals were enrolled in the
study and prepared for metabolic testing. Moderate risk in-
dividuals were also enrolled in the study and prepared for
metabolic testing, but with blood pressure monitored
throughout the procedures. High risk individuals received a
physical examination including a resting electrocardiogram
test prior to testing.

Measures
Race/ethnicity was self-reported and captured for de-
scriptive purposes.
Standing Height was measured to the nearest 0.1 cm

(without shoes) using a wall-mounted stadiometer
(ShorrBoard® Infant/Child/Adult Portable Height-Length
Measuring Board; Weigh and Measure LLC, Olney,
Maryland, USA). Measurements were repeated and a
third measurement was taken if the first two differed by
> 0.3 cm. The two closest measurements were averaged.
Leg Length was derived from seated height measured

to the nearest 0.1 cm with a stadiometer. The participant
was seated on a bench with their legs hanging freely and
hands set on knees. Again, measurements were repeated
and a third measurement was taken if the first two dif-
fered by > 0.3 cm. The two closest measurements were
averaged. Seated height reflects the difference between
the floor-to-crown measure and the static height of the
bench. Leg length was then calculated by subtracting the
seated height from standing height.
Weight was assessed (without socks or shoes) using

a scale (DC-430 U; Tanita Corporation, Tokyo, Japan).
Weight was measured to the nearest 0.1 kg. Again, up
to three measurements were taken if the first two
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measurements differed by > 0.5 kg. The two closest
measurements were averaged.
Body Mass Index (BMI) was calculated by dividing

body weight by height squared (kg/m2). BMI-determined
weight categories were: normal or healthy weight (18.5–
24.9 kg/m2), overweight (25.0–29.9 kg/m2), or obese
(≥30 kg/m2) [15].
Waist Circumference was measured using a non-elastic

anthropometric measuring tape to the nearest 0.1 cm.
The measurement was taken at the narrowest point be-
tween the iliac crest and lower costal border. Two mea-
surements were taken, with a third required only if the
first two differed by > 0.5 cm. The two closest measure-
ments were averaged.
Physical Activity Intensity (oxygen consumption; VO2

mL/kg/min) was measured using a validated portable in-
direct calorimeter (Jaeger Oxycon Mobile; CareFusion
BD Germany 234 GmbH, Höchberg, Germany) [16].
Heart rate was measured with a chest strap (Polar T31
Coded Transmitter; Polar Kempele, Finland). Self-re-
ported rating of perceived exertion (RPE) was queried of
each participant during the last minute of each bout
using the Borg scale [17].
Cadence (steps/min) was directly observed (hand-tallied)

and counted as steps accumulated during each bout. A
video camera was also aimed at the participant’s feet to pro-
vide a redundant recording. Total steps tallied in each bout
were divided by the duration of the bout (tallied steps/
5-min) to calculate cadence in steps/min.

Treadmill testing procedures
Participants began by sitting in a chair positioned on the
treadmill for at least 5 min to establish baseline oxygen
consumption values. The chair was then removed and
participants were asked to walk for up to twelve 5-min
bouts at a 0% grade. The test increased in 0.5 mph incre-
ments from 0.5 mph (13.4 m/min) to a maximum of 6.0
mph (160.9 m/min), with a 2-min standing rest between
bouts (for a complete list of miles/h, km/h, and m/min
conversions, see Additional file 1). Treadmill testing was
terminated following completion of the bout when the
participant: 1) naturally selected to run instead of walk;
2) exceeded 75% of age predicted heart rate maximum
[0.75 x (220-age)]; 3) indicated an RPE > 13; or 4) chose
to stop the protocol. Additionally, research staff could
terminate the protocol if concerned for the partici-
pant’s safety.

Data processing and aggregation
Metabolic data were imported in 5-s epochs, and step
data were entered, into MATLAB (The MathWorks,
Natick, MA) for all analyses using custom scripts. Mean
VO2 values during minutes 2:45–3:45 and 3:45–4:45 of
each 5-min trial were averaged. Metabolic equivalents

(METs) were obtained by dividing the mass-specific VO2

(mL/kg/min) by 3.5 [18]. Moderate intensity ambulation
was defined as ≥3.0 and < 6.0 METs, while vigorous in-
tensity ambulation was defined as ≥6.0 METs [19].

Analytic sample
Data from four of the 80 enrolled participants were not
included for analysis due to equipment malfunction.
Specifically, their oxygen consumption data did not in-
crease during treadmill testing, remaining relatively
similar to resting levels. Thus, a total of 76 participants
were included in this analysis. The analytical data set
comprised 612 treadmill walking bouts. All walking
bouts were included in the analytical sample, irrespective
of whether the individual did or did not reach an
absolutely-defined moderate or vigorous intensity, since
these bouts remained important for the statistical mod-
elling procedures used. In addition, bout data for indi-
viduals who reached one or more of the termination
criteria (see Treadmill Testing Procedures above) were
included, provided they completed (walked) for the full
5-min bout. Running bouts (only achieved by 15 partici-
pants) were excluded from this analysis as the findings
reported herein expressly focused on walking cadences.
The final analytic dataset and corresponding data dic-
tionary can be viewed in Additional files 2 and 3, re-
spectively, formatted in accordance with the preceding
CADENCE-Kids study [14] for compatibility.

Statistical analyses
All statistical analyses were performed using R (version
3.0.2, R Foundation for Statistical Computing, Vienna,
Austria). Statistical significance was set at α = 0.05. De-
scriptive statistics (mean and standard deviation for con-
tinuous variables, counts and percentages for categorical
variables) were calculated for participant characteristics.

Preliminary analyses
The initial intent was to fit a linear or curvilinear model
to the data representing the relationship between ca-
dence and VO2, with cadence and METs as the inde-
pendent and dependent variables, respectively. However,
upon visual inspection of the data, a nonlinear relation-
ship was observed between cadence and intensity that
could not be appropriately described using a curvilinear
fit. Moreover, the curvilinear model exhibited an eco-
logically invalid description of the data. That is, this
model displayed increasing intensities at decreasing ca-
dences below ~ 50 steps/minute and approached a verti-
cal asymptote at the higher cadences. Thus, a segmented
regression or ‘hockey stick’ model with both random
and fixed coefficients was implemented. This model
assigned two distinct (i.e., different slopes and inter-
cepts) linear portions to the data. The value for the

Tudor-Locke et al. International Journal of Behavioral Nutrition and Physical Activity            (2019) 16:8 Page 3 of 11



segment break point was chosen based on an iterative
process to determine the point that minimized mean
square error. A random coefficients model was selected
to account for the repeated measurements of each par-
ticipant. To compare the fit of the segmented regression
to the curvilinear model, we performed a k = 5 cross-val-
idation analysis with 10 repetitions and ascertained the
root mean square error (RMSE).

Primary analyses
A fixed and random coefficients model was applied to
the data to quantify the cadence-intensity relationship.
Because participant repeated measures were accounted
for in the model, marginal R2 values were obtained and
reported as a description of model fit. Using the model’s
regression equation and ± 95% prediction intervals (PIs),
we solved for incremental cadence thresholds corre-
sponding to 3, 4, 5 and 6 METs. Sensitivity, specificity,
positive predictive value (PPV; i.e., the probability that
an individual walking at a given cadence threshold
would achieve the desired intensity level) and negative
predictive value (NPV) were then quantified for each
regression-identified threshold. In addition, Receiver
Operating Characteristic (ROC) curve analysis was per-
formed and optimal cadence thresholds corresponding
to 3, 4, 5 and 6 METs were identified using Youden’s
index [20]. Sensitivity, specificity, PPV, NPV and area
under the curve (AUC) of these cadence thresholds are
reported. Confidence intervals (99%) for optimal thresh-
olds, and area under the curve (AUC) were obtained
using the bootstrap with 20,000 replicates. Based on pre-
viously published standards [21], AUC values were inter-
preted as excellent (≥ 0.90), good (0.80–0.89), fair (0.70–
0.79), and poor (< 0.70).

Secondary analyses
Leg length and sex are two participant characteristics
that can affect cadence [5], and thus may affect the
cadence-intensity relationship. Therefore, both of these
variables were included as additional factors in separate
segmented regression models. A k = 5 cross-validation
analysis with 10 repetitions was performed to assess
whether models that include either of these additional fac-
tors improved overall prediction (measured via RMSE).

Heuristic cadence threshold determinations
Heuristic cadence thresholds were set as rounded multi-
ples of 5 steps/min from the more precise MET-associ-
ated estimates identified from the segmented regression
model and ROC curves. In the event that the two analyt-
ical approaches produced estimates that differed, we con-
sidered the trade-off in sensitivity, specificity, PPV and
NPV for each candidate threshold to ultimately select a
single heuristic threshold corresponding to 3, 4, 5, and 6

METs. While being mindful of the potential tradeoff in
sensitivity and specificity of the thresholds, we leaned to-
wards selecting values to produce a harmonious and in-
cremental set of cadence thresholds that would have
greater utility for researchers, clinicians and practitioners
to flexibly recommend, modulate, and/or analyze ambula-
tory intensity. The set heuristic thresholds were then sep-
arately evaluated using ROC curve analysis to determine
the sensitivity, specificity, PPV, NPV and AUC for identify-
ing increasing levels of intensity. In addition, the classifica-
tion accuracy of these heuristic thresholds (i.e., counts and
percentages of correctly classified bouts as true positives
and true negatives and falsely classified bouts as false posi-
tives and false negatives) were calculated.

Results
Sample characteristics
Descriptive characteristics of the 76 adults included in
this analytic sample are reported in Table 1. As per our
strategic recruitment plan, the sample was evenly dis-
tributed by sex and age. The sample was 30.4 ± 5.8 years
of age, with a BMI of 24.8 ± 3.4 kg/m2, and predomin-
ately Caucasian (63.2%). In addition, we have also in-
cluded a data summary table (Table 2) comprising the
sample sizes, cadences, VO2, and MET values for each
treadmill speed.

Segmented regression with random coefficients model
As indicated above, the data displayed two distinct linear
trends, with the second displaying a much steeper rela-
tionship than the first (model break-point = 104 steps/
min, marginal R2 = 0.84, Fig. 1). Adding leg length or sex
to separate models did not change the break point. The
segmented regression exhibited considerably less RMSE
(0.68 ± 0.10) compared to the curvilinear model (2.74 ±
0.48). Moreover, the addition of leg length or sex to the

Table 1 Descriptive characteristics of the analyzed sample

Variable Men (n = 38) Women (n = 38) Total (N = 76)

Mean SD Mean SD Mean SD

Age (years) 30.3 6.3 30.6 5.3 30.4 5.8

Weight (kg) 80.6 13.5 65.0 9.9 72.8 14.1

Height (cm) 177.1 7.1 164.3 6.5 170.7 9.3

Leg length (cm) 83.5 4.7 76.0 4.2 79.7 5.8

BMI (kg/m2) 25.6 3.6 24.1 3.1 24.8 3.4

n % n % n %

BMI classifications

Normal weight 19 50.0 25 65.8 44 57.9

Overweight 16 42.1 12 31.6 28 36.8

Obese 3 7.9 1 2.6 4 5.3

BMI categories: normal or healthy weight (18.5–24.9 kg/m2), overweight (25.0–29.9
kg/m2), obese (≥30 kg/m2) [15]
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segmented regression model did not improve the RMSE
(0.68 ± 0.10 and 0.69 ± 0.10 when adding leg length and
sex, respectively). Optimal cadence thresholds for in-
creasing intensity levels (identified using the regression
equation) are reported in Table 3. Briefly, the optimal ca-
dence threshold for 3 METs was 102.2 steps/min and
129.1 steps/min for 6 METs.

Receiver operating characteristic analyses
Optimal cadence thresholds for increasing levels of in-
tensity (identified using ROC analyses) are presented in
Table 3. In summary, cadences of 96 steps/min and 120

steps/min corresponded to absolutely-defined moderate
and vigorous intensities, respectively. Sensitivity and spe-
cificity values for these moderate and vigorous cadence
thresholds were all > 85%, and AUC values were > 0.95,
indicating excellent overall accuracy.

Heuristic thresholds
Heuristic cadence thresholds consistent with all incre-
mental MET values anchored by 3 and 6 METs are pre-
sented in Table 3. To reiterate, these cadence thresholds
were selected based on a compromise between the re-
gression and ROC curve-based thresholds (rounded to

Table 2 Sample sizes, cadences, VO2, and METs for treadmill bouts

Treadmill Speed (mph) n Cadence (steps/min) Min-Max VO2 (mL/kg/min) Min - Max METs Min-Max

0.5 76 45.4 ± 12.4 28–101 7.4 ± 1.1 5.0–11.0 2.1 ± 0.3 1.4–3.1

1.0 76 67.8 ± 9.1 53–105 8.3 ± 1.2 5.3–11.3 2.4 ± 0.4 1.5–3.2

1.5 76 83.8 ± 8.0 72–110 9.2 ± 1.2 6.3–11.9 2.6 ± 0.4 1.8–3.4

2.0 76 96.1 ± 6.5 85–115 10.2 ± 1.2 7.0–12.5 2.9 ± 0.3 2.0–3.6

2.5 75 105.8 ± 6.1 93–121 11.8 ± 1.2 7.9–14.1 3.4 ± 0.4 2.3–4.0

3.0 74 113.6 ± 6.1 101–127 14.2 ± 1.7 9.2–17.6 4.0 ± 0.5 2.6–5.0

3.5 70 121.5 ± 7.0 108–147 17.3 ± 2.2 10.7–24.9 5.0 ± 0.6 3.1–7.1

4.0 62 129.0 ± 7.6 115–161 21.5 ± 2.7 13.7–27.6 6.2 ± 0.8 3.9–7.9

4.5 34 139.9 ± 9.3 124–158 27.3 ± 3.8 16.0–33.7 7.8 ± 1.1 4.6–9.6

5.0 7 146.4 ± 7.3 135–158 30.6 ± 5.8 20.3–36.1 8.8 ± 1.7 5.8–10.3

5.5 1 152.0 NA 29.7 NA 8.5 NA
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Fig. 1 Relationship between cadence and METs using a segmented regression model. Red line is the mean METs value at each corresponding
cadence value, and black lines are the 95% Prediction Intervals. Blue horizontal dotted lines represent moderate (3 METs) and vigorous intensity
(6 METs), respectively

Tudor-Locke et al. International Journal of Behavioral Nutrition and Physical Activity            (2019) 16:8 Page 5 of 11



the nearest 5 steps/min). Where the regression and ROC
approaches yielded different candidate heuristic thresh-
olds, we considered the trade-off in sensitivity, specifi-
city, PPV and NPV for both candidate thresholds to
ultimately select heuristic thresholds corresponding to 3,
4, 5, and 6 METs. As noted above, we deliberately leaned
towards selecting values to create a harmonious and
incremental set of thresholds consistent with the
intentional use of these heuristic thresholds to recom-
mend, modulate or quantify ambulatory behavior from a
public health perspective. Ultimately, a heuristic cadence
threshold of 100 steps/min emerged for 3 METs and 130
steps/min for 6 METs. Further, each 10 steps/min in-
crease was roughly associated with an increase in inten-
sity of 1 MET. Specifically, 4 METs was associated with
110 steps/min and 5 METs with 120 steps/min. Sensitiv-
ity and specificity for these heuristic thresholds closely
resembled the regression- and ROC curve-based optimal
thresholds. Classification accuracy determined using
counts and percentages of correctly classified bouts (true

positives, true negatives) and falsely classified bouts
(false positives and false negatives) using moderate and
vigorous intensity cadence thresholds are reported in
Fig. 2. In total, 87.6% of bouts were correctly classified
using the 100 steps/min threshold (Fig. 2; true positives
plus true negatives), and 93.5% of bouts were correctly
classified using the 130 steps/min threshold. The PPV
for achieving a moderate intensity at 100 steps/min was
91.4%, and the PPV for achieving a vigorous intensity at
130 steps/min was 70.7%.

Discussion
The CADENCE-Adults study is the first calibration
study to employ a sex-and-age balanced sampling ap-
proach to establish heuristic cadence thresholds associ-
ated with increasing absolutely-defined intensity during
walking. Using two distinct analytical methods, we con-
firm that 100 steps/min is a reasonable heuristic threshold
associated with absolutely-defined moderate intensity (i.e.,
3 METs) ambulation in 21–40 year olds. We also provide

Table 3 Cadence thresholds (steps/min) for moderate and vigorous intensity based on regression and ROC curve analyses

Intensity
METs

Measure Regression thresholds ROC thresholds Heuristic thresholds

Value 95% PI Value 99% CI Value

3 Threshold (steps/min) 102.2 45.9–111.2 95.5 91.5–105.5 100

Se 80.5 – 91.3 – 86.0

Sp 92.5 – 86.2 – 89.6

PPV 93.3 – 89.5 – 91.4

NPV 78.7 – 88.5 – 83.3

AUC – – 0.95 0.94–0.98 –

4 Threshold (steps/min) 112.5 103.5–120.2 112.5 105.5–113.5 110

Se 89.0 – 89.0 – 93.5

Sp 93.0 – 93.0 – 88.3

PPV 86.0 – 86.0 – 79.6

NPV 94.6 – 94.6 – 96.6

AUC – – 0.97 0.96–0.99 –

5 Threshold (steps/min) 120.2 112.5–127.8 116.5 114.5–120.5 120

Se 85.7 – 95.0 – 88.2

Sp 93.7 – 89.2 – 92.7

PPV 76.7 – 68.1 – 74.5

NPV 96.5 – 98.7 – 97.0

AUC – – 0.97 0.96–0.99 –

6 Threshold (steps/min) 129.1 121.4–136.8 119.5 119.5–125.5 130

Se 64.1 – 98.4 – 64.1

Sp 96.9 – 85.8 – 96.9

PPV 70.7 – 44.7 – 70.7

NPV 95.8 – 99.8 – 95.8

AUC – – 0.97 0.95–0.99 –

95% Prediction Intervals (PI). 99% Confidence Intervals (CI). AUC area under the curve, PPV Positive Predictive Value, NPV Negative Predictive Value, Se sensitivity,
Sp specificity
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further evidence for additional cadence thresholds associ-
ated with incremental MET-defined intensity up to and
including 130 steps/min as a heuristic threshold associated
with 6 METs. These additional heuristic values are
important indices useful for public health purposes to
guide 1) generalized cadence-based walking recommenda-
tions and 2) analysis and interpretation of minimally
processed ambulatory data obtained from contemporary
wearable technologies.
Heuristic values are evidence-based, practical, rounded

numbers that are grounded in evidence, but may not be
necessarily precise. They serve as useful and easy to re-
call mental short cuts, quickly conveying generalized or
broadly representative information to guide decisions. A
simple daily-use example of a heuristic value is the esti-
mated time it would take to drive between two cities.
Other common public health-related examples of heur-
istic values include “eat 5 fruits and vegetables per day”,
“be active 30 min/day”, and “limit time spent watching
TV to 2 h/day”. It bears emphasizing here that heur-
istic values, while evidence-based and thus appropri-
ate for public health purposes, are by definition not
individualized.
We first proposed the heuristic value of 100 steps/min

as a proxy indicator of moderate intensity in 2005, based
on a linear regression model of treadmill walking [9]. A
number of other studies [6–8, 10, 11] subsequently con-
firmed this heuristic value, despite acknowledging evi-
dence of a tolerable range of inter-individual variation.
Notably, these studies have been generally small, in-
cluded predominantly younger samples, did not always
employ a direct observation criterion standard of step
counting, and employed various analytical approaches.
This initial article focused on 21–40 year olds from the

CADENCE-Adults study represents the largest
sex-and-age structured sample to date employing a dir-
ect observation standard and using both regression and
ROC analysis to inform evidence-based but generalized
heuristic cadence values associated with absolutely-defined
moderate and vigorous intensity. The 100 steps/min thresh-
old for absolutely-defined moderate intensity continues to
be confirmed for this age group. The stability of this heuris-
tic across the adult lifespan up to 85 years of age will con-
tinue to be tested as part of the CADENCE-Adults study as
data collection is completed.
To date, there have been three studies that have re-

ported values congruent with a heuristic value of 130
steps/min associated with 6 METs (i.e., absolutely-defined
vigorous intensity) in ostensibly healthy adults [6, 9, 22].
Herein, the optimal absolutely-defined vigorous intensity
cadence thresholds were 129 and 120 steps/min, identified
using regression and ROC analyses, respectively. Both al-
gorithms are commonly accepted means of determining
associations between independent and dependent vari-
ables and establishing thresholds. However, both analyses
have different assumptions, and therefore different limita-
tions. Regression models may be overly influenced by out-
liers, while ROC curves are organized in a rank-order
fashion. By incorporating both methods, we provide more
robust support for the heuristic thresholds reported
herein. With that said, setting a lower threshold increases
sensitivity, but reduces the specificity and PPV; the oppos-
ite is true for higher thresholds. Considering these
trade-offs, we settled on a final heuristic threshold of 130
steps/min for absolutely-defined vigorous intensity.
The heuristic thresholds of 100 and 130 steps/min

demonstrated good-to-excellent classification of absolutely-
defined moderate and vigorous intensity ambulation, with

Fig. 2 Classification accuracy of heuristic cadence thresholds and MET intensities. a 100 steps/min and 3 METs, b) 130 steps/min and 6 METs). The
figure inserts display the values for true positives, false positives, true negatives and false negatives that were used to determine classification accuracy
(sensitivity, specificity, positive predictive, and negative predictive values)
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an overall accuracy (true positive and true negative rates of
> 85%). Moreover, for individuals walking ≥100 steps/min
(~ 53.6–67.1m/min or ~ 2.0–2.5 mph; Table 2), the prob-
ability (PPV) of achieving an absolutely-defined moderate
intensity was 91.4%. For 130 steps/min (107.3m/min or ~
4.0 mph), the probability (PPV) of achieving an absolutely-
defined vigorous intensity was 70.7%. This value is less than
ideal and may be influenced by the lower number of partic-
ipants (n = 49) who achieved 6 METs. However, this num-
ber still reflects 65% of the participant pool, and the
associated NPV of 95.8% conversely suggested a very high
probability that individuals walking at < 130 steps/min were
at an intensity < 6 METs. Overall, this evidence supports
the use of 100 and 130 steps/min, corresponding to
absolutely-defined moderate and vigorous intensity ambu-
latory activity, respectively, as direct translations of public
health recommendations for the minimum desired ambula-
tory intensity required to achieve health and fitness im-
provements [12, 13].
In the current study, we employed an absolutely-de-

fined measure of intensity (i.e., METs), as opposed to a
relatively-defined measure of intensity (e.g., %VO2-
Reserve, % Heart Rate Maximum [HRmax] or Heart Rate
Reserve [HRR]). This approach is consistent with previ-
ous studies that have determined accelerometer activity
count cut points related to absolutely-defined moderate
and vigorous intensities [23–25], and also with U.S.
Federal physical activity guidelines [13, 26] and the
American College of Sports Medicine position stand
[27] that express their physical activity recommendations
(intended for public health applications) using METs
(e.g., 500–1000 MET-min/week). However, the use of
absolute intensity may not be ideal for all adults, espe-
cially individuals who are older or have low fitness levels,
whereby an indicator of absolute intensity represents a
higher percentage of maximal capacity (relative to a
younger or fitter adult) [27]. Few studies have examined
the cadence-intensity relationship using relatively-de-
fined measures of intensity, which may be more suitable
for clinical or other types of individualized applications.
For example, Serrano et al., [28] and Slaght et al. [29] re-
ported cadence thresholds of 115 ± 10 and 114 ± 11
steps/min, respectively, associated with 40% of VO2re-

serve. In addition, Pillay et al., [30] found that 122 ± 37
steps/min corresponded to 60% of HRmax, whereas
O’Brien et al., [11] reported that ~ 120–125 steps/min
corresponded to 40% METmax, dependent on the model-
ling technique and the covariates included in the model
(e.g., height, leg length). The differences observed be-
tween these cadence thresholds (employing different
relative indicators of intensity) and those reported herein
(absolutely-defined) reflect the inconsistencies between
the implemented intensity definitions. Unlike absolute
intensity measures, for which there is consensus in the

literature regarding what constitutes a moderate or vig-
orous intensity (3 and 6 METs respectively) [26, 27],
there appears to be less consensus regarding relatively-
defined intensity [31]. Using a single example of %HRmax,
moderate intensity has been defined as 64–76% HRmax

[27], 55–69% HRmax [32], and 60% HRmax [30]. While
there are strengths to using a relative intensity approach,
especially for clinical and other types of individualized ap-
plications, there are also weaknesses, such as the need for
a maximal fitness test to establish relative moderate and
vigorous intensity levels based on individualized maximal/
peak VO2 or HR values. Although it is possible to use
equations to estimate %HRmax or HRR [33–37], such esti-
mates are based on assumptions that may introduce an
additional source of error. Indeed, there is no universally
accepted HR-based equation with a minimal and accept-
able (< 3 bpm) level of error [38]. Furthermore, some
equations may be age (e.g., Åstrand [37]) or sex specific
(e.g., Gulati et al., [34]), so care must be taken when apply-
ing these equations to various populations. Collectively,
this makes such indicators of relative intensity less prac-
tical for public health applications including translations
of physical activity guidelines as they are currently
expressed [13, 26]. In summary, we believe our approach
to using absolutely-defined intensity is reasonable and de-
fensible given the consistency with previous studies and
with public health guidelines. Still, we anticipate future re-
search will be able to delve into the utility and limitations
of individualizing cadence-based exercise prescriptions for
clinical and more individualized applications (e.g., per-
sonal training).
An innovation of this study includes proffering a more

comprehensive set of incremental cadence-intensity
thresholds, including optimal and heuristic cadence
thresholds for the intermediary values of 4 and 5 METs.
Notably, with each increasing intensity level, the preci-
sion estimates (prediction intervals for regression; confi-
dence intervals for ROC curve) tended to narrow,
suggesting greater confidence that individuals walking at
higher cadence thresholds will indeed achieve the de-
sired higher intensity level. Based on the values pre-
sented herein, it is reasonable to conclude that, starting
from 100 steps/min, each 10 steps/min increase is
roughly associated with an increase in intensity of 1
MET, confirming the findings of a small preliminary
study conducted in 2005 [9]. Notably, based on the re-
gression and ROC optimal thresholds (both 112.5 steps/
min) corresponding to 4 METs, we may have selected ei-
ther 110 or 115 steps/min. However, considering our
definition of a heuristic threshold (not only evidence-
based, but also practically useful) and the complete set
of cadence-intensity thresholds being put forth herein,
we settled on 110 steps/min. In numerical terms, this
was associated with a decrease in the PPV (8.3%) and
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increase in the NPV (4.6%) for this intensity level. Not-
ably, these cadence thresholds, including that associated
with 6 METs, are all achievable within the range of walk-
ing cadences for healthy adults; the walk to run transi-
tion occurs at ~ 140 steps/min [39]. Moreover, in the
current study we deliberately excluded the bouts where
15 participants transitioned to running, so the evidence
presented herein solely arises from walking cadence.
With walking being the most commonly reported and
widely accessible form of physical activity [40], this
intentional focus greatly improves the utility of this set
of cadence-intensity thresholds for application in the
general population.
Regarding precision of regression predictions, we

chose to report prediction intervals (PIs). While confi-
dence intervals are more commonly reported, PIs are
more appropriate for repeated measures dataset regres-
sions, as they account for not only the uncertainty of the
actual population mean, but also the overall spread of
the data. For this reason, PIs appear wider in distribution
compared to confidence intervals. Cadence PIs for 3
METs were seemingly large (45.9–111.2 steps/min). It is
important to note that we intentionally included all
walking bouts (e.g., starting at 0.5 mph) in order to in-
corporate a maximal range of ambulatory speeds. How-
ever, extremely slow speeds (e.g., 0.5 and 1.0 mph) may
be considered non-ecological, as young healthy adults
do not typically walk at these slow speeds and we ob-
served our own participants struggling to find a comfort-
ably paced execution of these speeds. In a different
study, even when instructed to walk ‘rather slowly,’
healthy young adults (19–39 years old) chose to walk at
a pace of 2.1 ± 0.4 mph [41]. When excluding the two
slowest walking speeds employed herein, the mean ca-
dence associated with 3 METs slightly decreases (96.4
steps/min), but more importantly the PIs tighten consid-
erably (72–114 steps/min).
While the purpose of this analysis was to establish

heuristic cadence-intensity thresholds in 21–40 years
olds using group aggregate data, we acknowledge that
inter-individual variability exists and that any heuristic
threshold will have limited precision in terms of applic-
ability to any single individual. While we accounted for
the potential influence of both leg length and sex in the
overall model fit across all participants, these additional
variables did not change the model prediction (RMSE
0.68 ± 0.10 and 0.69 ± 0.10, respectively, compared to
0.68 ± 0.10 for the base model). Furthermore, the
addition of leg length only marginally improved the
model fit (R2 = 0.85; compared to the basic model, R2 =
0.84). Notably, the regression model including leg length
predicted only a 0.58 MET difference at a given cadence
between participants with the longest versus shortest leg
length (95.5 cm vs. 65.7 cm, respectively). Similarly,

when BMI was added to the regression model, the
model fit did not change (R2 = 0.84), and there was only
a 0.57 MET difference in predictions for participants
with the highest and lowest BMI (36.9 vs 19.4 kg/m2, re-
spectively). Given the limited change in model accuracy
when adding these additional factors, we considered it
reasonable to only include cadence in the final model.
We acknowledge that any remaining variance in inten-
sity at a given cadence may be better explained by other
factors. In addition, we did not measure VO2peak or
VO2max in this study, and as such are unable to make
any conclusions regarding fitness and its impact on our
study outcomes, or provide cadence thresholds corre-
sponding to relative intensity measures. It bears repeating
here, however, that the goal of establishing cadence-based
thresholds corresponding to absolutely-defined intensity
levels is to provide clear guidelines with little or no add-
itional individual information required. Finally, we also ac-
knowledge that cadence is specific to bipedal locomotor
movements and further that these thresholds are most ap-
plicable to walking behaviors that are characteristically
rhythmic, purposeful, continuous, and advancing forward
through space.
Despite these limitations, cadence thresholds associ-

ated with absolutely-defined moderate and vigorous am-
bulatory intensity can serve as important heuristic
values in efforts to measure and modulate adult walking
behaviors, thus extending the potential utility of contem-
porary wearable technologies that offer step counting
and cadence tracking features. One clear application of
these cadence thresholds is for implementation in walk-
ing interventions. In our recent systematic review [42],
we identified a limited number (n = 9) of intervention
studies that had used a cadence-based goals to modulate
walking behavior, or used cadence thresholds to quantify
physical activity intensity from accelerometers and wear-
able device data. Based on the small number of studies
and the observed associated high risk of bias, we con-
cluded that it was premature to synthesize their findings.
Rigorously designed walking intervention studies that
utilize these cadence thresholds to convey and evaluate
ambulatory behavior are required to elucidate the associ-
ated health benefits (e.g., improvements in aerobic
fitness, blood pressure and glucose levels, body compos-
ition). In addition, future research should also explore
ways to individualize cadence-based intensity prescrip-
tions (e.g., using indicators of relative intensity) similar
to Slaght et al., [29] and to modulate intensity in predict-
able ways (e.g., manipulating cadence using rhythmic
auditory cueing [music or metronome]).

Conclusions
In summary, 100 steps/min and 130 steps/min are ac-
ceptable heuristic cadence thresholds associated with
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absolutely-defined moderate and vigorous intensity
walking, respectively, in 21–40 year olds. Each 10 steps/
min increase is roughly associated with an increase in
intensity of 1 MET such that 4 METs is associated with
110 steps/min and 5 METs with 120 steps/min. Future
reports from the CADENCE-Adults study will either
confirm these values or establish age-appropriate heuris-
tic thresholds for walking across the adult lifespan of
21–85 years of age. Additional research is needed to
gauge the utility and limitations of individualized
cadence-based prescriptions potentially linked to indica-
tors of relative intensity.
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Abstract. In this paper, we examine grip forces and load 

forces during point-to-point arm movements with objects 
grasped with a precision grip. We demonstrate that grip 
force is finely modulated with load force. Variations in 
load force arise from inertial forces related to movement; 
grip force rises as the load force increases and falls as load 
force decreases. The same finding is observed in vertical 
and horizontal movements performed at various rates. In 
vertical movements, maximum grip force coincides in 
time with maximum load force. The maxima occur early 

in upward and later in downward movements. In hori- 
zontal movements, where peaks in load force are ob- 
served during both the acceleratory and deceleratory 
phases, grip force rises at the beginning of the movement 
and remains high until the end. The results suggest that 
when moving an object with the hand the programming 
of grip force is an integral part of the planning process. 

Key words: Motor Control - Grip force - Precision grip 
Arm movement Human 

Introduction 

There have been a number of demonstrations of grip 
force changes that occur in anticipation of environmental 
demands. For example, when an object is lifted, grip force 
increases simultaneously with load force prior to lift-off 
(Johansson and Westling 1984). The rate of increase of 
grip force and the final grip force depend on the object's 

weight and its surface texture. Anticipatory increases in 
grip force can also be observed when subjects see a ball 
being dropped into a cup that they are supporting (Jo- 
hansson and Westling 1988). The change in grip force 
anticipates the increase in load force that will result from 
contact between ball and cup and guards against slip- 
page. Anticipatory grip force adjustments may be con- 
trasted with reflex-mediated changes in grip force that 

Correspondence to: J. R. Flanagan 

arise, after a delay, when unexpected loads are applied to 
grasped objects (Johansson and Westling 1987; Cole and 
Abbs 1988). 

The coordination of grip force and load force during 
lifting and holding has been described in detail by Jo- 
hansson and Westling (1984, 1988). These researchers 
have focused on three phases of the lift: preload, loading 
and hold. During the initial preload phase, grip force 
begins to increase (without a change in load force) as the 

grasp is established. In the subsequent loading phase, 
grip force and load force increase simultaneously until 
the load force exceeds the weight of the object and lift-off 
occurs. This is followed by the holding phase where the 
object is held aloft. 

Johansson and Westling (1984) have reported that, 
during the loading phase, the maximum rate of change of 
grip force depends on the final grip force at lift-off (and 
during the subsequent holding phase). The greater the 
final grip force, the larger the rate of change. Because the 
final grip force was found to be higher for heavier and 

more slippery objects, Johansson and Westling conclud- 
ed that increases in grip force during the loading phase 
are planned in anticipation of the properties of the object. 

The excess grip force (i.e. the observed grip force mi- 

nus the minimum grip force required to prevent slippage) 
is also greater for heavy and slippery objects. Indeed, 

Johansson and Westling (1984) have observed that the 
ratio of excess to minimum grip force is approximately 
constant across all objects. They have suggested that the 
excess grip force guards against random fluctuations in 
the motor system and that grip force is scaled with load 
force in order to economize effort. In other words, the 

rule seems to be "do not use more force than necessary 
above some safety margin." 

Previous work has shown that anticipatory changes in 
grip force are sensitive to environmental demands related 
to the characteristics of the grasped object. In this paper 
we ask how grip force is modulated when the properties 
of the object are kept constant but subjects are asked to 
move the object about. When a grasped object is moved, 
a force (proportional to acceleration) must be applied to 
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overcome its inertia. At the same time, if the object is 

grasped with a precision grip (i.e. with the tips of the 

thumb and index finger on its sides), the grip force must 

be high enough to prevent slippage. Because the friction 

between the digits and the object depends on grip force, 

increases in grip force enable the hand to apply larger 

load forces without slippage. The questions arise as to 

how grip force is modulated during arm movements to 

cope with changes in load force induced by the move- 

ment and which mechanisms are responsible. 

Changes in grip force have been shown to anticipate 

changes in load force induced by movements against 

spring and stiff loads. Johansson and Westling (1984) 

demonstrated that grip force and load force change in 

parallel when subjects move a spring-loaded object 

where the load force increases with displacement. More 

recently, Johansson et al. (1992) reported that changes in 

grip force parallel changes in load force when pulling on 

a stiff, fixed object where the load depends on the isomet- 

ric force exerted by the hand. However, the coupling be- 

tween grip force and load force during arm movements 

with inertial loads has not been systematically document- 

ed. 
It would seem unlikely that the motor system could 

rely on reflex mechanisms to control grip forces during 

voluntary arm movements, especially in fast movements 

where there are large and rapid fluctuations in load force 

due to inertial loading. When a brief and unexpected load 

force is applied to a grasped object, an increase in grip 

force is observed 60-90 ms later (Johansson and Westling 

1987; Cole and Abbs 1988). This is about the time expect- 

ed for a supraspinal sensorimotor reflex loop. The aver- 

age velocity of the hand in a fast arm movement can be 

well above 1 m/s. At this rate, if inertial force caused the 

object to slip, the hand would move at least 6 cm by the 

time a reflexive increase in grip force (invoked by slip- 

page) would appear. Thus, it is likely that the object 

would be dropped. Given the delays associated with re- 

flex mechanisms, one might reasonably expect to see an- 

ticipatory grip force adjustments, during movements, to 

deal with the inertial forces that arise. 
There is evidence, from a number of other tasks, of 

preparatory actions that accommodate forces that arise 

from kinematics. For example, anticipatory adjustments 

to cope with intersegmental forces resulting from arm 

movement have been reported in remote body segments 

as well as within the same limb. Horak et al. (1984) have 

shown that when subjects raise their arm, activity in 

trunk and leg muscles precedes the arm movement. 

When the subject was asked to move faster or to lift 
heavier loads, these postural muscles became active earli- 

er relative to the onset of arm displacement. Bouisset and 
Zattara (1987) have argued that postural adjustments 

create forces which compensate for the forces that will be 

produced by the upcoming arm movement. Smeets et al. 
(1990) have reported that in rapid elbow flexion move- 
ments against loads, shoulder and elbow muscles are ac- 
tivated at about the same time. Even though the shoulder 

does not move appreciably, clear agonist muscle activity 
is seen in the shoulder flexors. This produces a flexor 
torque at the shoulder that compensates for interaction 

torques, resulting from the elbow movement, that act in 

extension. 

Several ways in which grip force might be modified 

during movement may be entertained. One possibility is 

that the grip force increases at the start of the movement, 

up to a steady level high enough to prevent slippage, and 

then decreases at the end of the movement. The appropri- 

ate grip force level could be derived from the maximum 

load force predicted for the arm movement. A second 

possibility is that grip force is tightly coupled with load 

force such that grip force is modulated in parallel with 

load force during the movement. In this case, we would 

expect changes in grip force to depend on the pattern of 

load force modulation and, hence, the direction of move- 

ment. For example, in horizontal movements (where iner- 

tial and gravitational forces act orthogonally), peaks in 

load force are observed during the acceleratory and de- 

celeratory phases. Thus, two grip force peaks would be 

expected. In contrast, vertical movements (where inertial 

and gravitational loads act in the same direction) gener- 

ally exhibit a single load force peak. This occurs near the 

start of upward movements and towards the end of 

downward movements. Thus, a single grip force peak 
would be expected near the start and end of upward and 

downward movements, respectively. Of course, alterna- 

tives lying between these extreme possibilities can be con- 

sidered. For example, grip force might be adjusted for 

increases, but not decreases, in load force. In this case, 

grip force would increase when load force increases, but 

thereafter decline slowly. 

In this paper, we investigate the relation between grip 

force and load force during vertical and horizontal arm 

movements of varying rate and direction. The plane of 
motion was varied in order to produce different patterns 

of load force variation. By varying movement rate, we 

manipulated the amplitude of inertial load modulation. 

A brief preliminary report of some of this work has been 

published (Flanagan et al. 1993). 

Materials and methods 

Subjects 

Eleven subjects between 17 and 40 years of age participated in this 
study. Four different experiments were carried out. Seven of the 
subjects only participated in the "first trial" experiment (see below). 
All subjects gave informed consent before participating. 

Apparatus 

Subjects grasped a cylindrical force transducer (Novatech, model 
241) between the distal pads of the thumb and index finger (see Fig. 
1). The mass of the transducer was 0.26 kg and the width between 
grip surfaces was 58 mm. The grip surfaces were steel and were 
attached to the transducer with a flat-head screw that was flush with 
the surface. The pads of the digits were placed on the screw. The 
object's centre of mass was located at its geometric centre midway 
between the contact points of the thumb and index finger. There- 
fore, forces did not act to rotate the object during steady grasp or 
during arm movements. The minimum grip forces with which the 
subjects were able to hold the object without slippage ranged from 
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Fig. 1. The force transducer and grasp used in vertical (top) and 

horizontal (bottom) movements. The same grasp was used in hori- 

zontal movements, but the hand and transducer were rotated 90 ~ 

about the grip axis with the palm facing down. The direction of the 

movement relative to the orientation of the grasp was kept constant 

2 to 3 N. An accelerometer (Entran, model EGB-125-10D) was 

mounted on the force transducer and positioned to record accelera- 

tion in the direction of movement. 

A 16-bit, analog-to-digital interface board (National Instru- 

ments, model M10 16X) was used with a Macintosh IIfx computer 

to collect and store the data. Data collection and analysis were 

carried out with the LabView graphical programming language 
(National Instruments). 

Experimental procedure 

Subjects held the transducer in front of them while seated. Figure 1 

illustrates the grasps adopted for vertical (top) and horizontal (bot- 

tom) movements. The orientation of the hand and the transducer 

relative to the direction of movement was the same in vertical and 
horizontal movements. In both cases, the grip surfaces were orient- 

ed vertically and the load force acted in the plane defined by these 

surfaces. The direction of movement was approximately normal to 

the plane defined by the index finger and thumb. Thus, the inertial 

forces in the vertical and horizontal movements acted in the same 
direction relative to the hand. However, the direction of the gravita- 

tional force with respect to the orientation of the hand was different 
in vertical and horizontal movements. 
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The subjects were instructed to move the object in a straight line 

and to keep the orientation of the object constant during the move- 

ment. Subjects were visually monitored by the experimenter 

throughout the experiment to ensure that they complied with these 

instructions. (To check that the orientation of the object was kept 

constant, we used acceleration measurements taken before and after 

the movement to compute the mean change in angle of the object 

for each subject-condition combination. The average of the means 

across conditions and subjects was 5~ Both the vertical and the 

horizontal movements were achieved largely by rotations of the 

upper arm about the shoulder. Small rotations about the elbow and 

wrist were required to preserve the orientation of the object. Be- 

cause of the position of the hand in relation to the direction of 

movement, adjustments at the wrist may have involved medial and 

lateral deviations, but not flexion and extension. Thus, fluctuations 

in grip force during the movement were not due to to changes in the 

length of the long flexors of the hand (see Johansson and Westling 

1984). 

Experiment 1. In this experiment, the relation between grip and load 

force during vertical arm movements was examined. Two subjects 

were instructed to make upward and downward movements at ei- 

ther a moderate rate or a faster rate. The subjects were encouraged 

to make fairly large amplitude movements. However, targets were 

not provided. The measured amplitudes varied from 20 to 40 cm. 

Twenty trials were recorded for each direction and at both move- 

ment rates, making 80 trials in all. All trials for a given direction and 

rate were recorded consecutively. The order in which movements of 

varying rate and direction were performed was varied. 

Experiment 2. The aim of the second experiment was to investigate 

the coordination of grip force and load force when subjects grasped 

and moved the transducer for the first time. Seven subjects were 

asked to pick up the transducer using a precision grip and then 

move it up and down twice. They were told to move at a comfort- 

able rate and to stop moving between each successive point-to- 

point movement. None of the subjects had previously performed the 

task. 

Experiment 3. In the third experiment, four subjects were required 

to produce upward arm movements with the grasped object 

"aimed" at a maximum load force target (the maximum load force 

occurs during the initial acceleratory phase of an upward move- 

ment). The goal of this experiment was to reduce the load force 

variability and examine the variability of the grip force. After each 

trial, load force was displayed as a time series on a monitor along 

with the target maximum load force. The target load force was 7-9 

N, depending on the subject. Subjects had to make fairly fast move- 

ments in order to achieve the target maximum load force. 

Experiment 4. The final experiment looked at the relation between 

grip force and load force during medial (to the left for subjects using 

their right hand) and lateral movements with the transducer held 

using a precision grip. The same two subjects who participated in 

experiment 1 were asked to make six to eight medial and lateral 

movements at a moderate rate and at a faster rate, making a total 

of 24-32 trials. These movements were similar in amplitude to the 
vertical movements (i.e. 20-40 cm). 

Data processing and analysis 

Grip force and acceleration were sampled at 200 Hz. The raw force 
and acceleration data were then digitally filtered using a fourth-or- 

der, zero phase lag, low-pass Butterworth filter with a cutoff fre- 
quency of 14 Hz. 

The force in the direction of movement was obtained by multi- 

plying the measured acceleration of the object by its mass. In the 

case of horizontal movements, this force is purely inertial. However, 
in the case of vertical movements, the force in the direction of 
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movement or vertical force is the sum of the inertial force and the 
force due to gravity (i.e. the weight of the object). The load force was 
defined as the magnitude of the total or resultant force (inertial and 
gravitational) acting on the object. Note that in up and down move- 
ments the load force is simply the absolute value of the vertical 
force. 

Times to grip force and load force peaks were calculated relative 
to the start of the movement. The start was taken as the point at 
which the acceleration exceeded its initial resting level by -t-2 SDs. 
(Similarly, the point at which the acceleration reached _+ 2 SDs of 
the final resting level was taken as the end of the movement.) 

In the several plots which show a number of individual force 
curves, the curves have been aligned at peaks in the load force. It 
should be noted that the trials shown in some plots are a subset of 
the total number of trials recorded within a given condition. The 
trials that are shown were chosen to reflect the typical range of 
responses. 

Results 

We will first describe the results obtained for vertical 

movements  and then focus on those obtained for hori- 

zontal movements.  Vertical and horizontal movements  

will then be compared. We will show that in these move- 

ments grip force is modulated in phase with load force 

during the arm movement.  In the first two sections, indi- 

vidual and averaged force records are presented and cor- 

relations between grip force and load force times and 

magnitudes are reported. In the final section, different 

point descriptors are used to compare patterns of grip 

force modulat ion in vertical and horizontal movements.  

Vertically directed movements 

Qualitative description. Figure 2 shows the grip force and 

the vertical force acting on the object during a single 

upward (top panel) and a single downward (bot tom pan- 

el) movement  made at a moderate  rate by subject A. Note 

that the vertical force before and after the movement  is 

equal to the weight of the object (2.6 N). However, during 

the movement  inertial forces were induced and, conse- 

quently, the vertical force fluctuated. In the upward 

movement,  the vertical force exhibited a peak followed 

by a trough as the object was accelerated up and then 

down. The opposite pattern was seen in the downward 

movement.  In both  cases, the minimum vertical force was 

close to zero, as the inertial force cancelled out the force 

due to gravity. 

Consider first the upward movement.  The example 

shown in Fig. 2 illustrates that grip force and vertical 

force increased together over the initial part  of the move- 

ment and reached their respective maxima at about  the 

same time. The grip force then decreased with vertical 

force. The increase in grip force with vertical force pre- 

vented slippage during the movement.  Note that, in this 

example, the grip force remained elevated during the de- 

celeratory phase of the movement,  even though the verti- 

cal force dropped to around zero. However, as will be 

shown below for other subjects, the grip force often 

dropped below the resting level. 

Now consider the downward movement.  In contrast  
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Fig. 2. Grip force and vertical force records of an upward (top panel) 
and a downward (bottom panel) movement (subject A). The trials are 
aligned on movement onset. Grip force increases with vertical force 
at the start of the upward movement. Parallel increases in grip and 
vertical force occur later on in the downward movement. Note that 
the grip force and vertical force maxima coincide closely in time 

to the upward movement,  the grip force did not increase 

during the first part  of the movement.  Indeed, as illustrat- 

ed in this example, the grip force often decreased as the 

vertical force fell. An increase in grip force was not neces- 

sary here, because the amplitude of the vertical force (i.e. 

the load force) decreased and there was little danger of 

the object slipping. The grip force started to rise as the 

vertical force increased later in the movement.  As was the 

case in the upward movement,  the times of the grip force 

and vertical force maxima coincided and, thereafter, both  

forces declined together. These two examples illustrate 

that grip force was modulated in step with vertical force 

during arm movement.  However, the extent to which grip 

force co-varied with vertical force appears  to be less when 

the latter approached zero. This suggests that the motor  

system might tend to avoid very low grip forces. 

Figure 3 shows grip force and vertical force records of 

slower upward (left) and downward (right) movements  

for two subjects (A and B). The trials have been aligned 

on maximum vertical force. In these two subjects, grip 

force and vertical force increased and decreased together 

during both upward and downward movements.  Grip 

force increased at the start of upward and decreased at 

the start of downward movements,  as did the vertical 

force. In addition, dips in grip force can be seen towards 

the end of B's movements.  In general, the grip force and 

load force maxima and minima closely coincided in time. 



12 

Slower 

Upward 

z 0 

r 

o 
u_ 8 

Movements 

Downward 

i i A 

ripi Force 

Vgi:~iE~.li..--..F6i:~. ~- ....................................... 

i B 

0 

-0.3 0.0 0.3 0.6 

135 

!B 

i 

-0.3 -0.0 0.3 

Time (s) 

Fig. 3. Grip and vertical force records of 
slower vertical movements made by two 
subjects (A and B). Note that the grip force 
and vertical force maxima coincide in time, 
as do the minima. In both subjects, grip 
force is modulated in phase with vertical 
force 

For subjects A and B the amplitude of grip force mod- 

ulation appears to be independent of the baseline grip 
force. Thus, for example, trials that began with a larger 

grip force featured a larger grip force maximum and end- 
ed with a larger grip force. To further examine this issue, 

the initial and final grip forces were correlated (Pearson 

product moment) with the maximum grip force. In addi- 
tion, initial grip force was correlated with the maximum 

change in grip force relative to the initial level, and final 

grip force was correlated with the maximum change in 

grip force relative to the final level. Data from the upward 

and downward trials were combined. For A and B, the 

initial and final grip forces were significantly correlated 

with the maximum grip force (P < 0.05) but not the max- 

imum change in grip force (P > 0.05). These results sup- 

port the idea that grip force modulation does not vary 
with baseline grip force. This finding might appear to 

contradict the results of Johansson and colleague (e.g. 

Johansson and Westling 1984; Johansson et al. 1992), 

showing that the ratio of grip force to load force is nearly 

constant when manipulating objects. However, it should 

be noted that the variation in baseline grip force we ob- 

served was not related to the properties of the object. 

Had we manipulated the baseline force by varying the 

surface texture, we would expect to see corresponding 
changes in maximum grip force. 

In Fig. 4, grip force and vertical force functions are 

shown for faster upward and downward movements 
made by the same two subjects (A and B). Note that the 

force and time ranges in these plots are different from 

those used for slower movements in Fig. 3. The figure 
shows that, as in slower movements, the grip force and 

vertical force maxima occurred at about the same time. 

In the upward movements, grip force increased with ver- 

tical force during the first part of the movement. After the 

peak, grip force tended to decrease less than in the slower 

movements. The pattern of grip force modulation during 

the initial part of the downward movement is clearly dif- 

ferent from the pattern observed at the slower rate. For 

example, B's grip force did not decrease at the start and 

A's grip force actually increased. This reflects the fact that 

the vertical force was reduced below zero. If the grip force 

was too small at this point, the hand would actually slip 

downwards past the object. Note that A's minimum ver- 

tical force was less than B's. This might explain why A's 

grip force actually increased during the initial part of the 

movement, whereas B's remained more or less constant. 

The results described thus far demonstrate that in ver- 

tical point-to-point arm movements with grasped ob- 

jects, grip force is modulated in phase with the vertical 

force acting on the object. The close temporal coupling 

between grip force and vertical force suggests that grip 

force is specified in anticipation of changes in vertical 

force (or load force) that are related to the kinematics of 

arm movement. Anticipatory control of grip force may 

be contrasted with reflex-mediated changes in grip force. 

The bottom panel of Fig. 5 illustrates the changes in grip 

force and vertical force brought about by a brief and 

unexpected perturbation of the object. The object was 

lightly tapped with the end of a pencil while the subject 

(A) held the object with eyes closed. The perturbation 

caused a small decrease in vertical force. An increase in 

grip force was seen some 90 ms later. This is about the 
time expected for a supraspinal sensorimotor reflex loop 
to complete (Johansson and Westling 1987; Cole and 

Abbs 1988). For comparison, the forces during an up- 

ward movement are shown in the top panel. In this case, 
the grip force started to increase at the same time as the 

vertical force. Note that the change in vertical force at the 
onset of the upward movement was about twice the 
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faster vertical movements produced by sub- 
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Fig. 5. Grip force response to a brief unexpected change in toad 
force (bottom panel). The change in load force was produced by 
tapping down on the object with a pencil while the subject (A) 
grasped it with eyes closed. Grip force starts to increase some 90 ms 
after the perturbation was delivered. An upward movement is 
shown for comparison (top panel). In both cases, at the very onset, 
the direction of the change in force exerted by the object on the 
hand was downwards 

change in vertical force induced by the perturbation. As 

shown in the bot tom panel, a small fluctuation in grip 

force was seen during the perturbation. However, the 

change in grip force was much smaller than the subse- 

quent reflexive change in grip force or the change in grip 

force observed during the upward movement. This indi- 

cates that the change in grip force seen during voluntary 

arm movement is not due to mechanical coupling but 

reflects neural control. 

Quantitative assessment. In order to quantify the coupling 

between grip force and vertical force, times to maximum 

grip force were linearly regressed against times to maxi- 

mum vertical force. In Fig. 6, the time of maximum grip 

force is plotted against the time of maximum vertical 

force for two subjects (A and B). The plots include data 

from slow and fast up and down movements. Strong pos- 

itive correlations between the times of the grip force and 

vertical force maxima were observed for both subjects 

(r > 0.98). The slopes of the best fit regression lines were 

just less than unity (0.93 and 0.91 for subjects A and B, 

respectively) and the intercepts were close to zero (0.02 

for both subjects). This analysis reveals that the grip force 

and vertical force maxima reliably and closely coincide in 

time. 

While the temporal coupling between grip force and 

vertical force maxima is very precise, the coupling be- 

tween the maxima is less so. Figure 7 shows plots of 

maximum grip force versus maximum vertical force for 

the same subjects (A and B) shown in Fig. 6. Again, data 

from vertical movements of varying rate and direction 
are included in both plots. The correlations between the 

grip and vertical force maxima (0.87 and 0.81 for subjects 

A and B) are lower than those observed for the times of 
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The data are from the same movements from which the data in Fig. 
6 were obtained. For both A and B, the correlations between the 
grip force and vertical force maxima are lower than the correlations 
between the corresponding times 

these maxima. Inspection of the plots shows that, for a 

given rate and direction of movement ,  the correlation 

between the max ima  appears  to be weaker. This question 

will be addressed below. 

The strong temporal  linkage between grip force and 

vertical force maxima was seen on the very first trial. In 

Fig. 8, the time to max imum grip force is plotted against 

the time to max imum vertical force. The data points are 

from the initial upward and downward movements  of 

seven subjects performing this task for the first time. The 

slope of the linear regression line relating the times to 

grip force and vertical force maxima was slightly less 

than unity (0.85). This is due to the fact that, in the up- 

ward movements,  the max imum grip force tended to oc- 

cur just after the max imum vertical force. A high correla- 

tion (r = 0.97) between the maxima times was observed. 

Figure 9 presents records from experiment 3, in which 

subjects were required to make upward movements  with 

a target max imum vertical force level of 7 9 N. Da ta  

from four subjects (A D) are shown. After each trial, the 

vertical force was displayed along with the target on a 

monitor.  The target was not varied within subjects. The 

top panels of the figure show the mean grip force and 

vertical force functions for four subjects (thick dotted 

traces) averaged over 20 trials. The thin traces represent 

the mean plus 1 SD. As can be seen, the variability of 

both  the vertical force and grip force functions under 

these conditions was low. In agreement with the results 

described above, grip force and vertical force increased 

together during the first part  of the movement  and then 

decreased together. In all four subjects, grip force started 

to rise just before the vertical force. Johansson and West- 

ling (1984) have shown that grip force also starts to in- 

crease ahead of load force in object lifting. In their task, 

the grasp had to be formed before lifting and, thus, an 

early increase in grip force was expected. In contrast, in 
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the present task, the grasp is already formed at the start 

of the movement.  Nevertheless, grip force began to in- 

crease before the vertical force. Note also that the maxi- 

m u m  grip force occurs, on average, some 5-10 ms after 

the maximum vertical force in all subjects. It  may be 

noted that, in these movements,  the correlations between 

maximum grip force and maximum vertical force were 

substantially lower (the correlation coefficients ranged 

from r=0 .1  to r=0.63)  than those reported above for 

vertical movements  of varying rate and direction. This 
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Fig. & Plot of the time to the maximum grip force versus the time 
to the maximum vertical force for vertical movements. The data are 
from the very first trials of seven subjects. Note the high correlation 
between times of the grip force and vertical force maxima 

presumably reflects the reduced range of maximum load 

force values used in the correlation. Although little varia- 

tion in time to max imum load force values was observed 

in this task, the correlations between the times of the grip 

and load force maxima were, as before, very high (r > 0.98 

for all four subjects) 

Horizontal movements 

A number  of similarities were observed between vertical 

and horizontal movements.  In both, grip force increased 

during the movement  in anticipation of load force 

changes. Although the pattern of grip force modulat ion 

differed in the vertical and horizontal, this may have been 

related to differences in load force variation. For exam- 

ple, whereas horizontal movements  typically exhibit sim- 

ilar peaks in load force during the initial and final phases, 

vertical movements  feature a predominant  load force 

peak because of the offset in load force due to gravity. 

Indeed, we will show that, in both  vertical and horizontal 

movements,  changes in grip force are quite closely cou- 

pled to modulat ions in load force. 

Figure 10 shows grip force, load force and inertial 

force records for a number  of medial and lateral move- 

ments performed at the slower rate by subjects A and B. 

Recall that load force represents the magnitude of the 

resultant force. In order to maintain a stable grip, the 

frictional force developed by gripping must counteract 

the load force. Several points may be emphasized. Re- 

gardless of the direction of movement,  grip force in- 

creased at the start together with load force. The grip 

force remained elevated during the movement  and then 

decreased towards the end. In a number  of cases, two 

distinct grip force peaks were discerned which coincided 

with the two peaks in load force. In other trials, a "bulge" 
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Fig. 9. Average grip force and vertical force 
records (n = 20) for fast upward movements 
"aimed" at a maximum vertical force target. 
Data from four subjects are shown (A-D) 
The thin traces are 1 SD above the mean 
The maximum mean grip force occurs some 
5-10 ms after the maximum mean vertical 
force. In addition, the mean grip force starts 
to increase just ahead of the mean vertical 
force 
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Fig. 10. Grip force, load force and inertial 
force records for slower horizontal move- 
ments of two subjects (A and B). Grip force 
increases at the start of the movement and 
remains elevated until near the end. Note 
that peaks in load force occur both near the 
start and towards the end of the movement. 
In a number of trials, two grip force peaks 
can be seen that coincide with the peaks in 
load force 

or inflection in grip force was detected which correspond- 

ed in time with a load force peak. Even when two peaks 

in grip force were observed, the grip force only dipped 

slightly in between them. On the other hand, load force 

dropped back to its initial level between peaks. Note that 

it would seem to be unnecessary for the grip force to 

slavishly vary with load force at this juncture in the 

movement. The fact that it didn't suggests that the con- 

trol of grip force during movement is both anticipatory 
and flexible. 

Grip, load, and inertial forces recorded during faster 

medial and lateral movements are shown in Fig. 11 for 

the same two subjects. In both directions, grip force start- 

ed to increase at the onset of the movement and stayed 

high until near the end, as was observed at the slower 

rate. In many trials, the grip force function featured two 

distinct peaks that coincided with the load force peaks. In 

other trials, with a single grip force peak aligned with one 

of the load force peaks, there was an inflection point in 

grip force that coincided with the other load force peak. 

Note that only A's medial movements never exhibited 

twin grip force peaks. This may reflect the fact that the 

second load force peak in these trials was always smaller 

than the first. Note also that there was not a consistent 

effect (across the two subjects) of direction on the time of 

maximum grip force as there was for the slower move- 
ments. 

As reported above, in vertical movements, the times of 

grip force and vertical force maxima were highly correlat- 

ed. In order to assess timing in horizontal movements, we 

correlated the time of maximum grip force with the time 

of the ne are s t  peak in load force (data from movements of 

varying rate and direction were combined, as was done 

for the vertical movements). The correlation coefficients 

were very high for both A (r = 0.96) and B (r = 0.99) and 

are comparable with the values found for the same sub- 

jects in vertical movements (r > 0.98 for each subject). The 

slopes of the least squares regression lines relating time of 

maximum grip force to time of the nearest load force 

peak were close to unity for A (0.90) and B (0.99). This 

indicates that the two peaks occurred at about  the same 

time. We also correlated the maximum grip force with the 

nearest peak load force. Lower correlation coefficients 

were obtained for both A (r=0.87) and B (r--0.93). 

Again, comparable values were found for the vertical 
movements. Thus, in both vertical and horizontal move- 

ments, extremely tight correlations between the times of 

grip force and load force peaks were observed. However, 

the linkage between corresponding peak force values was 
somewhat weaker. 
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Fig. 11. Grip, load and inertial force records 

for faster horizontal movements produced 

by subjects A and B. The pattern of grip 

force modulation is similar to that  observed 

at slower rates. The grip force rises at the 

start of the movement and stays high until 

near the end. Two grip force peaks, coincid- 

ing with the two peaks in load force, can be 

seen in a number  of trials 

Table 1. Means and SDs of three ratios 

computed for vertical and horizontal 

movements 

Subject A 

Mean SD n 

Subject B 

Mean SD n 

Elevation ratio (ER) 

Vertical 

Horizontal 

Ratio of max. grip 

Vertical 

Horizontal 

Ratio of max. grip 

Vertical 

Horizontal 

0.42 0.13 24** 0.36 

0.55 0.08 40 0.55 

force to nearest peak load force (GL) 

2.63 0.56 24** 1.77 

2.97 0.70 40 2.34 

force to nearest peak inertial force (GI) 

5.22 1.16 24* 4.45 

4.64 1.11 24 3.23 

0.12 40** 

0.14 40 

0.21 40** 

0.35 40 

1.45 40** 

0.72 40 

* P<0 .1 ;  ** P<0.001;  ANOVA 

Comparisons between vertical and horizontal movements 

To test, quantitatively, the idea that grip force tends to be 
elevated for a longer period of time in horizontal move- 

ments than in vertical movements, we computed an ele- 

vation ratio (ER). We took the time at which the grip 

force decreased half way from the peak to the final grip 

force minus the time at which the grip force increased half 

way between the initial grip force and the peak and divid- 

ed this by the duration of the movement. ER means and 

SDs are presented in Table 1 for two subjects treated 

separately. ANOVA was carried out to test for differ- 
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ences between vertical and horizontal movements. As ex- 
pected, ER was significantly greater in horizontal move- 

ments for both A (F1,63=20.0; P<0.001) and B 

(F1.79 ---= 44.4; P < 0.001). (Note that data from movements 

of varying rate and direction were combined.) These re- 

sults support the observation that grip force tends to be 

elevated during both the acceleratory and deceleratory 

phases of horizontal movements where peaks in load 
force are seen in the two phases. 

In horizontal movements, the amplitude of inertial 
force modulation was greater than the amplitude of load 

force modulation. In contrast, in vertical movements, in- 

ertial and load forces modulated to the same extent. 

Thus, a horizontal movement with the same degree of 

inertial force modulation as a given vertical movement 

would have had a smaller degree of load force modula- 

tion. The question arises as to whether the changes in 

grip force in vertical and horizontal movements are more 

sensitive to modulations in inertial force or load force. To 

examine this issue, we computed two ratios: the ratio of 

maximum grip force to the nearest peak load force (GL) 

and the ratio of maximum grip force to the absolute value 

of the nearest peak inertial force (GI). We used the abso- 

lute value of the inertial force because we were interested 

in the amplitude of modulation rather than the direction. 

Note that in both vertical and horizontal movements, the 

"nearest" peak in load force (or inertial force) always co- 
incided closely in time with the maximum grip force. 

If grip force modulation is more sensitive to changes 

in load force, then we would expect GL to be similar for 

vertical and horizontal movements. On the other hand, if 

modulation in grip force is more sensitive to inertial force 

changes then we would expect GI to be similar for move- 

ments in the vertical and horizontal. The results are pre- 

sented in Table 1. GL was significantly higher for hori- 

zontal movements for both A (/7'1,63 = 39.6; P < 0.001) and 

B (F~,79--79.9; P<0.001). This finding suggested to us 

that grip force modulation might be more closely linked 
to changes in inertial force. It may be noted that in the 

movements that we recorded the amplitude of inertial 
force modulation was similar in the vertical and horizon- 

tal. However, GI was greater in vertical movements for 

both A (F1,63=3.8; P --0.056) and B (F1,79=22.5; 
P <0.001), although the difference was significant at the 

0.05 level of probability in B only. Nevertheless, this find- 

ing indicates that the modulation of grip force relative to 

changes in inertial force is greater in the vertical. Taken 

together, these results suggest that the amplitude of 

changes in grip force during movement is sensitive to 

some combination of load force and inertial force modu- 
lation. 

Discussion 

In the Introduction we suggested that one way the system 

might deal with loads induced by arm movement would 
be to increase grip force to a steady level throughout the 

movement. Comparison of grip forces during upward 

and downward movements clearly indicates that this is 
not what happens. In upward and downward move- 

ments, clear grip force maxima are seen during the accel- 

eratory and deceleratory phases, respectively, where load 

force is maximal. In other words, the timing of maximum 

grip force depends on the timing of the maximum load 

force, which in turn depends on the direction of move- 

ment. In addition, a reduction of grip force was some- 

times observed at the onset of downward movements 

where load force decreases towards zero. Although the 

steady grip force after the movement was sometimes 

higher than before (for example, see Fig. 4, data for sub- 

ject B), the change in force was small in comparison with 

the large phasic fluctuations in grip force related to iner- 

tial loading. These findings indicate that grip force is 

modulated over time with load force and is not merely 

raised during movement irrespective of the pattern of 
load force variation. 

In horizontal movements, grip force started to in- 

crease at the onset and remained elevated. However, be- 

cause peaks in load force occurred during both the initial 

acceleratory and subsequent deceleratory phases, elevat- 

ed grip forces throughout the movement were not unex- 

pected. In many trials, separate grip force peaks were 

observed and these coincided with the peaks in load 

force. This indicates that even when grip force is elevated 

during most of the movement, it is not the case that grip 

force is simply set at a constant level. Thus, in horizontal 

as in vertical movements, we found that grip force was 

modulated in phase with load force. It will be interesting, 

in future work, to examine patterns of grip force modula- 

tion in longer duration movements with a constant veloc- 

ity phase (Cooke and Brown 1990). During the constant 

velocity phase, we might expect grip force to drop back 

towards the initial pre-movement level, since inertial 

forces related to acceleration would be greatly reduced. 

On the other hand, the grip force might remain at least 

somewhat elevated, reflecting a general "movement" 
component of grip force. 

The temporal coupling between grip force and load 

force is particularly striking. For example, we have 

shown that, in both vertical and horizontal movements, 

maximum grip force occurs at about the same time as the 

corresponding peak in load force. In contrast, the linkage 

in terms of force magnitudes is weaker. Correlations be- 

tween grip force and load force maxima were less than 

the correlations between the time to maximum grip force 

and the time to maximum load force. The question arises 

as to whether similar relations might be manifest in lifting 
an object. 

We have shown that changes in grip force anticipate 

fluctuations in inertial force (and hence load force) that 

result from arm movements with a hand-held mass. This 

finding adds to evidence garnered by Johansson and col- 

leagues (Johansson and Westling 1984; Johansson et al. 
1992) that grip force is programmed in advance of volun- 

tary manipulations of mechanically predictable objects. 

Thus, not only do grip force adjustments anticipate envi- 
ronmental demands imposed by the properties of the ob- 

ject (Johansson and Westling 1984), they also anticipate 
the consequences of our own actions. 

The parallel changes observed in grip and load force 
suggest that modulations in grip force are planned as 
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opposed to being reflexive responses to fluctuations in 

load force. If changes in grip force during movement were 

subserved by reflexes, then we would have expected the 

peak grip force to lag behind the peak load force by some 

60-90 ms (Johansson and Westling 1987; Cole and Abbs 

1988). We would argue that the coupling between grip 

force and load force reflects motor commands rather 

than grasp mechanics. When the object was perturbed 

unexpectedly, grip force did not increase until 90 ms later. 

If the coupling observed between grip force and load 

force had been a property of the mechanics of the grasp, 

then an immediate increase in grip force would have been 

expected. 

What  mechanism underlies the tight coupling between 

grip force and load force? Two ways in which this might 

occur can be considered. First, commands to hand and 

arm muscles might be issued in parallel by some high-lev- 

el control system. In this case, both the arm movement 

and grip force trajectories would be specified by this sys- 

tem. Second, the commands to the arm movement could 

be used to drive the commands to the hand. In this 

scheme, the arm commands would be sent to a "grip force 

module" that would transform them into grip force com- 

mands. This module could, in principle, predict the load 

force changes resulting from the movement on the basis 

of the planned arm trajectory. It might also receive inputs 

relating information about the properties of the object. 

Regardless of which scheme might be employed, a 

striking feature of the coupling between grip and load 

force is that it is not easily overridden by voluntary con- 

trol. We observed that, when subjects were asked to keep 

grip force constant while moving the object, they were 

unable to do so. This was the case even when the subjects 

were given visual feedback of grip force and load force 

during the movement. In an attempt to keep grip force 

constant, most subjects increased the overall level of grip 

force. This strategy makes sense, because, in principle, 

changes in grip force during the movement would not be 

required to prevent slippage. Nevertheless, we observed 

that grip force was still modulated in phase with load 

force, although the amplitude of modulation was re- 

duced. 
Coordination between hand grasp and arm move- 

ment is also observed in other tasks. For example, antici- 

patory changes in hand shape while reaching for an ob- 

ject have been found to be temporally linked to the arm 

movement which transports the hand towards the object 

(Jeannerod 1981; Wing et al. 1986; Wallace and Weeks 

1988, Paulignan et al. 1990; Haggard and Wing 1991). 

The results reported here document another way in 
which hand function is temporally coupled to movement 

of the hand through space. Note that the problem of 

coordinating grasp and arm movement is also posed in 

robotics. In pick-and-place tasks, for example, the robot 
must pick up the object with its end-effector and then 

move it to another location. However, most of the studies 
on robotic manipulation have focused on the configura- 
tion and stability of different grips under static condi- 

tions (Mason and Salisbury 1985) and have not dealt 
with problems associated with planned motions (Lo- 

zano-Perez 1982). 

By comparing vertical and horizontal movements, it is 
possible to assess whether modulations in grip force are 

more sensitive to changes in the total load force acting on 

the object or the inertial load alone. We found that the 

ratio of maximum grip force to the corresponding peak 

in load force was reliably greater in horizontal move- 

ments. However, the ratio of maximum grip force to the 

corresponding peak in (absolute) inertial force was 

greater in vertical movements. This suggests that, in 

point-to-point arm movements, modulations in grip 

force may be planned in relation to some combination of 

load force and inertial force change. 

The precise temporal coupling between grip and load 
force was evident on the first movement trial, indicating 

that subjects do not have to "learn" this task. This may 

be a reflection of the regularity with which objects are 

picked up and moved in everyday activities. The strong 

linkage between grip force and load force presumably 

reflects a well-developed and well-tuned synergy that is 

readily available as soon as it is required. (We are 

presently carrying out work on repetitive cyclic arm 

movements to examine how grip force modulation might 

adapt over time to predictable fluctuations in load force.) 
The question arises as to when, in the course of develop- 

ment, the synergy appears. Forssberg et al. (1991) have 

suggested that mature anticipatory precision grip force 

control does not appear until about 2 years of age. How- 

ever, children may have found the object lifting task used 

by these workers to be difficult, as it required coordinated 

and accurate arm movement (to grasp the object) as well 

as coordinated grip force control (when lifting). Simply 

moving a grasped object about may prove to be a some- 

what easier task with which to study the coupling of grip 

force and load force in development. 
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A Exercises
Use the left and right side arrows to navigate through the weeks.

A.1 Week 1

A.1.1 Anatomy quiz

⇐(https://www.free-anatomy-quiz.com/) Easier
(http://www.anatomyguy.com/quizform/) Difficult (possibly use for assignment 1)
(https://www.getbodysmart.com/system-quizzes) Difficult (possibly use for assignment 1)

A.2 Research challenge

⇐Give an example of an animal or mechanical joint for as many of the following categories

Flat
Prismatic
Revolute
Cylindrical
Spherical
Helical (screw)

Is a screw joint the fundamental joint?
Why do robots tend to only have Prismatic and Revolute joints?
What joints are involved in the shoulder and why does it achieve such a high level of DoF

A.3 Week 2

A.3.1 Vectors Q1

The three principal accelerations of a pendulum are

~g = (g sin(θ), g cos(θ), 0) (3)

~a1 = (−lθ̇2, 0, 0) (4)

~a2 = (0, lθ̈, 0) (5)

These are in a given in a coordinate frame attached to the weight or ’bob’

a. Draw these as three vectors in a suitable x, y coordinate frame. (see if bb whiteboard works as
a group)

b. What is the resultant acceleration vector of the bob?
c. For a frictionless pendulum, the y component of the resultant needs to equal 0. Write down

the equation for a frictionless pendulum.
d. Walking is often compared to a pendulum swinging, why?

A.4 Vectors

A.4.1 Q2

A rigid L shaped body has a set of forces applied.

2a. For the forces and torques shown in figure A. What is resultant force on the ’L’ and what is
the torque around the point A
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Figure A: Resolve forces and torques to a single force and torque at A

2b. For the forces shown in figure B, please compute the torques around the origin using either
the skew

matrix or by method of cross products. If there is a pivot or pin at the origin, what is the value of
the first component of ~f1 = (a, 0, 0) (i.e. the torque at the pin must be zero)
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Figure B: Calculate the value of a needed for equilibrium¡/figcaption¿

A.5 Week 3: Pin jointed structures

A.5.1 Q1

Calculate forces at A and B and in links AC, AB and BC

A.6 Pin jointed structures

A.6.1 Q2

(a) What is the sin, cos and tan of the angle at BCA
(b) Calculate the forces at pins D and C. What information is not needed to do this.
(c) Calculate the force in link AC
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A.7 Pin jointed structures

A.7.1 Q3

Note assume triangles are equilateral, i.e. angles are 60 degrees
Calculate

1. the reaction forces at pins A and D.
2. the forces in links EB and EC
3. the forces in links DC and DE
4. The force in link BC

A.8 Week 4:

Sign up for a joint for your anatomy assignment

• anatomy assignment (https://livereadingac-my.sharepoint.com/:x:/r/personal/shshawin_
reading_ac_uk/_layouts/15/Doc.aspx?sourcedoc=%7BE550B775-38F8-447D-901E-17FEAA33A6BD%

7D&file=Assignment1Signup.xlsx&action=default&mobileredirect=true&ct=1634499340421&

wdOrigin=OFFICECOM-WEB.MAIN.OTHER&cid=b6ec54a8-0bdc-4cf8-9e1a-f331b3253d69)
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(Must have a University of Reading login)
General questions

1. What type of athlete would make the best power source for a human powered aircraft and
why?

2. ”Modern pedometers use the same technique as the old fashion clockwork pedometers
described in US Patent 758405”. Explain why this might be true.

3. At what speeds are humans most likely to walk and run? Explain why.

A.9 Week 5:

A.9.1 Stress and strain Q1

A prosthetic leg component is to be designed in the shape of a hollow cylinder with an outside
diameter (o.d.) of 6cm and a wall thickness of 3mm. The component is 40cm long and will attach
the artificial foot to the prosthetic socket.

(a) Estimate two weights of possible users, for example a person who is healthy, a child, an older
person or a person who is overweight.

(b) What is the stress in the prosthetic leg for each of the above weights when the person is
standing on just the artifical leg?

(c) Choose one of the individuals in (a), and for all 3 potential materials are given below, what
change in length of the prosthetic leg might be expected? Is the component likely to fail if
the person stands on one leg?

(d) Walking imposes up to 6x body weight on the leg. For the individuals you have identified
above, what wall thickness would allow the prosthetic leg would be able to sustain the forces
of walking with a safety factor of 2?

(e) What then is the weight of this component
(f) Based on these calculations, can you recommend a material for the component?

Safety factor is the ratio of the failure or yield stress of the material over the maximum expected
stress in the material.

Material Max tensile stress Young’s modulus E Density
MPa GPa Mgm−2

ABS M30 (3D printer) 31/26 MPa [1] 2.23/2.18 GPa 1.0
Carbon fibre reinforced polymer (CFRP) 800 MPa 150 GPa 1.5
Dural Aluminium 483 MPa 73 GPa 2.8

[1] Along build plane/normal to build plane

Source, Ashby, Wikipedia, engineering toolbox (https://www.engineeringtoolbox.com/young-modulus-d_
417.html) and Material datasheet

GPa = Giga Pascal = 109Nm−2

MPa = Mega Pascal =106Nm−2

Density is in g/cm3 or Mg/m3

A.10 More week 5 questions

The following questions introduce the concept of first and second moments of area.
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A.10.1 Q1

We will shortly be looking at ’beam’ mechanics and the following questions are to introduce some
ways of looking at beams, and to refresh the concept of integration.

The figure below represents a beam that is supported at each end that has a ’distributed’ weight
that starts a distance a from the origin and ends at a distance b. m is the mass per unit length
and represents a load on the beam. Sum of forces on the beam means that (b− a)m = FB + FA

If you take anti-clockwise moments about A you should get the formula

−
∫ b

a

xmdx+ lFB = 0

Check to see if this formula is right then integrate to find out a relationship between FB and the
other parameters.

A.10.2 Q2

The first moment of area is the sum of all elemental areas times the distance that area is from an
axis. The figure below simplifies this idea to a one degree of freedom problem by considering a
uniform beam.

Thus for this image the first moment of area is

F = h

∫ l

0

xdx

Find F for the figure in terms of the area A of the rectangle (A = lh) and the length l
The second moment of area for the figure is

I = h

∫ l

0

x2dx

Find I for the figure in terms of the area A of the rectangle (A = lh) and the length l

A.10.3 Q3

Recompute the first and second moments of area for the figure below, i.e. when the limits are − l
2

and l
2

rather than 0 and l
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A.11 Biomechanics week 7 Beam theory

A.11.1 Question 1

Sketch the shear force diagram and bending moment diagram for the following figure. Calculate
the key values of shear force and bending moment. (You can choose numerical values for a, b and
m if you wish.

Figure 44: Bending moment and shear force diagram for a distributed load on a bridge

A.11.2 Question 2: Beam end deflection

Estimate the Youngs modulus for a 30 cm ruler by measuring the end deflection for a known load.
Assume a rectangular cross section. If you don’t have a means of measuring force (kitchen scales
or weights are fine) then use the example below.

For example, a Helix ruler loaded as a cantilever beam deflected approx 20 mm when loaded
with 20 grams. The distance from the support to the weight was approx 210 mm. Assume a square
cross section 2mm by 40mm.

A.11.3 Question 3: Second moment of area

Find the Second moment of area of

1. a cylinder radius r with narrow walls thickness t about the diameter
2. a rectangle height h breadth b about the base
3. a rectangle height h breadth b about the midline
4. an I beam height h breadth b thickness w about the midline

Note ∫
sin θ2dθ =

θ

2
− sin (2 θ)

4
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A.12 Biomechanics week 8 Gait

A.12.1 Q1 Stress in the femur during bent leg standing

A person with may have contracted tendons associated with a joint that causes poor postures.
Consider in this example, a person who is unable to stand with straightened knees.

Use the following information and assumptions to estimate the forces and torques at each end
of the femur of someone standing with bent knees.

• Body weight is equally distributed between the two legs while standing
• The force due to body weight passes through the acetabular cup
• The force due to body weight passes 5cm behind the rotational axis of the knee (the rotational

axis for knee flexion/extension)
• The person has a femur length of approximately 16.5 cm
• The person has a body weight force equivalent of 500N (i.e. he/she weights approximately

51Kg)

From this information estimate

a) the torque at either knee while standing.
b) the component of body-weight along the femur, is this a tensile or a compressive force?
c) the shear force and bending moment due to the body-weight

By considering the forces and torques on the femur in isolation, work out how the shear force and
moment change over the length of the femur.

A.12.2 Q2 peak forces during running

Harvard have done research on barefoot running where they claim barefoot runners have a better
force profile since they tend to avoid a ’heel strike’

(http://barefootrunning.fas.harvard.edu/Nature2010_FootStrikePatternsandCollisionForces.
pdf)

(http://barefootrunning.fas.harvard.edu/Nature2004_EnduranceRunningandtheEvolutionofHomo.
pdf)

From the Harvard videos on web page (http://barefootrunning.fas.harvard.edu/4BiomechanicsofFootStrike.
html) estimate the peak force (in terms of body weight) in either or both legs while running.
There are videos for both barefoot and shod running. Use this information to estimate the ’safety
factor’ of force in the femur assuming the femur can withstand up to 30 times body weight before
sustaining damage.

also on The Barefoot Professor: by Nature Video (https://www.youtube.com/embed/7jrnj-7YKZE)

A.13 Biomechanics week 9 Interactive

Challenge

1. Program Matlab with a Hill model that recreates the Hill models fitted to the Joyce and
Rack’s data (1969)

2. Estimate and plot the instantaneous power.
3. Estimate the Hill parameters to fit the 4 impulses/sec line of Joyce and Rack’s data

see (http:12Hillmodel.html) for details and links to the Joyce and Rack papers.
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http://barefootrunning.fas.harvard.edu/Nature2010_FootStrikePatternsandCollisionForces.pdf
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http://barefootrunning.fas.harvard.edu/Nature2004_EnduranceRunningandtheEvolutionofHomo.pdf
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http://barefootrunning.fas.harvard.edu/4BiomechanicsofFootStrike.html
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http:12Hillmodel.html


>> V=[0:100]; % set up a velocity range (shortening positive)

>> V=[-100:0]; % set up a velocity range (shortening negative)

neural input ah Bh Fmax
35 .15 30 2
15 .15 21 1.8
7 .25 17.5 1.2

Use the standard Hill model as

F =
K

b+ v
− a

How do you get K? (Look at the equations for the ’Basic model’ in the link above.)
The instantaneous power is then

>> P=V.*F;

How might you estimate the hill curve for 4 impulses per second from the Joyce and Rack plot?

Figure 45: Muscle force as a function of muscle shortening, from Joyce and Rack 1969 with Hill
parabola overlaid (see table below for values).
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