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• 10 credits
• 9 hours workshops/practicals
• 70% exam (2 hours)
• 30% essay/written assignment

• Lectures released each week on Monday
• Interactive session Fridays at 3pm
• Drop in sessions on Tuesdays at 9.30

Lecture notes will be updated each week to include the new weeks content

0.0.1 Assignments

• Assignment 1: Anatomy of a joint(s), (muscles, tendons, nerves) with estimate of forces and
torques

• Assignment 2: Dynamic force analysis of an animal, human, prosthesis, orthosis or exoskeleton

1 Outline of possible topics
• Anatomy
• Statics, joints (pin, sliding, revolute) pin jointed trusses
• Energy (Hamiltonian systems)
• Dynamics; Gait (running and walking), sports and performance
• Beams/beam theory (Bones)
• Materials (biological and engineering)
• Engineering failures
• Haptics
• Prosthetics
• Rehabilitation and assistive robotics
• Cognitive systems : Reflex, brain models etc
• Prediction (Wolpert)
• Conservation of Energy, momentum, angular momentum, mass
• Coordinate frames, centre of mass, moment of inertia, effects of scale
• Muscle models
• Perception (e.g. arm length/Fraser and wing)
• Newton and Newton-Euler
• Fluids - Dimensional analysis
• Internal models
• Serial and parallel chain linkages

2 Books
1. Duane V. Knudson, ”Fundamentals of biomechanics”, 2017 UR Library call: 612.76-KNU

Electronic book: Provides an overview of biomechanics, but BI3BMx will go into much greater
depth

2. Steven Vogel, ”Comparative biomechanics : life’s physical world”, 2013 UR Library call:
571.43-VOG A good solid introduction to biomechanics

3. Lynette A. Jones and Susan J. Lederman, ”Human hand function”, 2006 http://dx.doi.

org/10.1093/acprof:oso/9780195173154.001.0001 UR Library call: XX(1350753.1)
This book is available online via U.Reading library

4. K.A. Stroud and Dexter J. Booth., ”Engineering mathematics”, 2013 UR Library call:
LARGE–F 510.2462-STR
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5. Robert McNeill Alexander, ”Principles of Animal Locomotion”, 2006
6. Etienne Burdet, David W. Franklin and Ted E. Milner, ”Human Robotics: Neuromechanics

and Motor Control”, 2013 UR Library call: 612.8-BUR
7. R. McNeill Alexander, ”Exploring Biomechanics: Animals in motion”, 1992 UR Library call:

591.18-ALE
8. Jack M. Winter, ”Multiple Muscle Systems: Biomechanics and movement organisation”, 1990
9. Thomas A. McMahon, ”Muscles, reflexes and locomotion”, 1984 UR Library call: 591.47-

MAC
10. John C. Rothwell, ”Control of human voluntary movement”, 1993 UR Library call: 612.76-

ROT

Academic papers will also be used to cover e.g.Valero-Cuevas2. Key papers should either be
available via the university library, online or on blackboard.

2Francisco J Valero-Cuevas, M Elise Johanson, and Joseph D Towles (2003). “Towards a realistic biomechanical
model of the thumb: the choice of kinematic description may be more critical than the solution method or the
variability/uncertainty of musculoskeletal parameters”. In: Journal of biomechanics 36.7, pp. 1019–1030.
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3 Biomechanics

3.1 The words

Bioengineering Engineering
Biomedical engineering Medical Engineering
Biomechanics Mechanics
Biophysics Physics
Biochemical Chemical
Biofeedback Feedback
Biotechnology Technology
Biocybernetic Cybernetic

Biosphere
Biorhythmn
Biological
Bionic

⇐
Look up these words and assess how you identify with the areas they describe.

3.2 Definitions

Prosthetic (external, implants)
Orthotic (external, implants)
Exoskeleton
Rehabilitation aid
Assistive aid
(please expand)

3.3 People (real and fictional) in biomedical

engineering

⇐Short exercise. Find out about the following people who are either users or inventors coming from
biomedical engineering.

Aimee Mullins
David Gow and Campbell Aird
Hugh Herr (MIT)
Steve Austin
John Charnley
Per-Ingvar Br̊anemark
Robert Riener and Gery Colombo (Lokomat)
Rory Cooper
Saeed Zahedi
Sophie de Oliveira
Todd Kuiken and Kevin Englehart
Joel Gibbard and Samantha Payne
Marcia O’Malley (Rice University)
Michelle Johnson (Grasp lab UPenn)

⇐Choose a person in the above list and be ready to answer these questions

• Why are they famous?

5



• What is the (principal) technology?
• What does the technology attempt to do?
• What is the cost and what is the benefit?

Should anyone else that could be on this list?

4 Anatomical overview

4.0.1 Anatomical directions, movements and planes

Extension/Flexion
Proximal/distal
Superior/inferior
posteria (behind)/anterior (in front of)
dorsal(towards the spine)/ventral(towards the belly)
Medial(to the middle)/lateral (to the side)
Bilateral/unilateral
ipsilateral (same size as)/contralateral (oposite side)
(please cross check and expand)

b3
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frontal
plane sagittal

plane

transverse
plane

superior

inferior

left
right anterior

posterior

FIGURE A.2.1. Body coordinate system.
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CM

L1

L 3

FIGURE A.2.2. Reference landmarks for the location of center of gravity.

300 Appendix 2: Geometric Properties of the Human Body

Figure 1: Primary human movement planes. (Tozeren 1999)

See also (https://en.wikipedia.org/wiki/Anatomical_terms_of_location) and (https:
//en.wikipedia.org/wiki/Anatomical_plane) ⇐

Identify

• Sagittal (longitudinal) plane
• Parasagittal
• Horizontal (axial or transverse) plane
• Coronal (frontal) plane

Why is it called the Saggital or Coronal plane?

4.1 Degrees of freedom

A spacial mechanisms exist in 3D space and can uniquely fix a coordinate frame with up to 6
degrees of freedom (3 positions, 3 orientations)
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A planar mechanisms exist in a plane and can uniquely fix a coordinate frame with up to 3
degrees of freedom (2 positions, 1 orientation)

• Serial chains

– e.g. most extremities (arms/legs)

• Parallel chains

– e.g. rib cage
– Steward platform

• mixed

– e.g. delta robot

An active degree of freedom is a joint that is associated with an actuator.
In a serial chain, n active degrees of freedom can be linked with at least n actuators (for example

most joints have extensor and flexor muscles)
If n degrees of freedom are linked to fewer than n actuators at least one degree of freedom must

be passive.

missing image (tex) Hexapod0a.png

4.1.1 Grueblers equation and Kutzbach criterion

Relates degrees of freedom to the numbers of links and joints.
Planar m = 3(n− j − 1) +

∑j fi
Spatial m = 6(n− j − 1) +

∑j fi
where n=number of links, j= number of joints, fi = d.o.f. in joint i, m=degrees of freedom.

4.2 The lower joint pairs (The 6 Reuleaux pairs)

Lower pairs are joints where the two suface constraints remain in contact.
Name (Symbol) DoF contains type example
Revolute (R) 1 R planar a pin joint or hinge
Prismatic (P) 1 P planar a drawer
Helical (H) 1 R+P 3D a screw or a nut and bolt
Cylindrical (C) 2 R+P 3D a radio aerial
Spherical (S) 3 3R 3D shoulder
Sliding/Flat (F) 3 R+2P 3D knee

The screw joint can be considered as the most general robot joint. All rigid motion of links in
a robot can be described as a combination of screw motions. ⇐
Question, how does a screw joint represent

• a revolute joint
• a prismatic joint?

7
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Figure 2: The 6 Lower pairs (slideplayer.com/ ../The+Six+Lower+Pair+Joints.jpg)

4.3 Anatomical joints

The Atlas is the first bone in the spine (C1) that supports the skull.
The Axis is the bone immediately below (C2) that enables the head to rotate left/right.
Forward and backwards, and sizeways movements of the head are distributed along C2 to C7

5 Anatomy quiz
⇐(https://www.free-anatomy-quiz.com/) Easier

(http://www.anatomyguy.com/quizform/) Difficult (possibly use for assignment 1)
(https://www.getbodysmart.com/system-quizzes) Difficult (possibly use for assignment 1)
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6 Research challenge
⇐Give an example of an animal or mechanical joint for as many of the following categories

Flat
Prismatic
Revolute
Cylindrical
Spherical
Helical (screw)

Is a screw joint the fundamental joint?
Why do robots tend to only have Prismatic and Revolute joints?
What joints are involved in the shoulder and why does it achieve such a high level of DoF

7 Materials
⇐• What is the definition of a material?

• Is it only solid or are liquids and gasses also materials? Any others?

⇐What is

• A ceramic?
• A composite?
• A metal (alloy) ?
• A foam?
• A polymer?
• An elastomer?

⇐
For the above groups, in what class would you consider the following materials

• Aluminium (dural)
• Brick
• Concrete
• Cork
• Nylon
• Polystyrene
• Steel
• Stone
• Titanium
• Wood

⇐
Which of the following materials can be 3D printed by the schools Stratasys F170

• ABS (Acrylonitrile butadiene styrene)
• ASA (Acrylonitrile styrene acrylate)
• HIPS (High-impact polystyrene)
• TPU (Thermoplastic polyurethane)

⇐How might you define

• density?
• strength?
• stiffness?

What properties are we seeking in materials?

[list some words]
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7.1 Biomaterials

⇐• List some of the materials in animals?
• Are cells responsible for all material manufacture in animals?
• Give some examples of cells that make biomaterials?

8 Vector revision
Much of this lecture will be in standard engineering maths books such as Stroud3

Vectors, what even are they?: 3Blue1Brown (https://www.youtube.com/watch?v=fNk_
zzaMoSs) Vectors : 8.01 Classical Mechanics(Walter Lewin) (https://www.youtube.com/watch?
v=hgkKE8szT18)

8.1 Vectors

A vector ~f is an ordered sequence of n numbers. These numbers can be real in which case ~f ∈ Rn or
complex numbers where ~f ∈ Cn. A vector has a magnitude and a direction so it can be considered
to represented as an arrow in n dimensions.

One way to consider the array of numbers representing a vector is as an n× 1 column matrix
(n rows 1 column). For example a vector representing a point in space could be written as
~f =

[
1 2 3

]T
An inner and an outer product between two vectors can be defined.

8.1.1 dot product (inner product)

The dot product of two vectors, or a vector with itself requires the vectors have the same number
of elements and results in a scalar value.

• If the vector is defined as a column matrix ~aT =
[
a1 a2 . . .

]
then the dot product ~a ·~r = ~aT~r

• If the vector is defined as a set of values ~f = (f1, f2, . . . fn) then the dot product ~f ·~r =
∑n

i firi
• If the angle between two vectors is θ the dot product is ~f · ~r = |~f | |~r| cos θ

if ~r is a basis vector for a coordinate frame (see below) then the dot product of ~f ·~r is the component

of ~f along the axis that has ~r as its basis vector.
The dot product is commutative i.e. ~a · ~r = ~r · ~a
The magnitude of a matrix can be calculated from the dot product. That is |~f | =

√
(~f · ~f) or

if the vector is considered as a 1 column matrix, |~f | =
√

(~fT ~f)

8.1.2 cross product (outer product)

The cross product of two vectors, or a vector with itself requires both vectors to be in R3 and
results in a vector also in R3 . The cross product is not commutative (so ~f × ~r 6= ~r × ~f)

• If the angle between two vectors is θ the cross product is ~f × ~r = |~f | |~r| sin θ and is

perpendicular to ~f and ~r with the direction determined by the right hand rule

3K.A. Stroud and Dexter J. Booth. (2013). Engineering mathematics. Palgrave Macmillan.
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• Calculated with i, j, k: If we have two vectors ~p = (p1, p2, p3) and ~q = (q1, q2, q3) we can
associate i, j, k with the first, second and third elements of a vector. The cross product is
then

~p× ~q =

∣∣∣∣∣∣
i j k
p1 p2 p3
q1 q2 q3

∣∣∣∣∣∣
• Calculated as a Matrix times a vector: It is possible to write a vector in Skew form (also

called adjoint form) so

~p⇒ p× = P̃ =

 0 −p3 p2
p3 0 −p1
−p2 p1 0


A skew matrix is one where ST = −S . This particular matrix has some interesting properties but
in this context it allows the cross product to be written as a matrix times a vector so

~p× ~q = ~p×~q =

 0 −p3 p2
p3 0 −p1
−p2 p1 0

q1q2
q3


8.2 Coordinate frames

A coordnate frame is defined by a set of basis vectors that need to be non-coplanar and are usually
orthogonal.

A coordinate frame is usually asociated with an object (or vectors) and allows invariants of
that object to be captured in a more convenient way

What is a Tensor: Dan Fleisch (https://www.youtube.com/watch?v=f5liqUk0ZTw) Pri-
may points for this part are made between 0 and 7:20 minutes

11

https://www.youtube.com/watch?v=f5liqUk0ZTw


8.3 Force equivalence

Multiple forces acting on a point or pin can be replaced by a single force. This force is the vector
sum of all force vectors. a force can be represented as a sum of force vectors

An unbalanced force (or vector sum of forces) will result in an acceleration. An unbalanced
torque (a vector sum of torques) will results in angular acceleration.

A comment on Static and dynamic systems

• A static system only has fixed elements in a particular coordinate frame
• A dynamic system has moving elements in a particular coordinate frame. If these elements

move together they can be assigned a coordinate frame

9 Mechanics

9.1 Energy

Potential (stored) energy, due to gravity or an energy store Kinetic energy, due to a linear or
angular velocity

Energy in a closed system must be conserved
Some energy forms are
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magnetic (flux and magnetic intensity)
mechanical - kinetic
thermal - heat
light (EM waves)
gravitational potential
chemical - chemical bonds
sound - pressure and velocity
electrical (voltage and current)
elastic potential
nuclear (mass to energy exchange)

Mechanisms to dissipate energy

• Heat
• Sound
• Light
• Chemical reaction
• Any others?

9.2 efforts (force)

• force
• torque
• Shear
• pressure
• stress

9.3 flows (velocity)

• position, velocity, acceleration
• angular speed, angular acceleration
• strain, deflection

9.4 Centre of mass, momentum and moment of inertia
(vector forms)

Please familiarise yourself with the concept of centre of mass (see youtube links below)

Center of mass: Matt Anderson (https://www.youtube.com/watch?v=lPZg7PKwJN0)
Center of mass: Khan Academy (https://www.youtube.com/watch?v=VrflZifKIuw) Centre of
mass: Doodle Science - GCSE (https://www.youtube.com/watch?v=pjK_3RuiCXk)

Mass m is a (scalar) property of an object in space and dictates the acceleration of that object

when a force ~f is applied. Determined by Newton’s equation ~f = m~a or f = d~p
dt

where ~p is
the momentum (mass × velocity) of the object.

Momentum (~p) can be expressed as a vector and is a conserved property leading to translational
invariance.

Weight is a property of an object in a gravitational field. If that object is not moving then the
Weight relates to the force that the gravitational field applies to the mass. What is the weight of

a 1Kg mass when it is on the moon?
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Moment of inertia J (or sometimes I) is a (matrix) property of an object that relates to spinning
and dictates the angular acceleration ~̇ω of that object when a torque ~τ is applied. This is
embodied by Newton-Euler’s equation

~τ = J~̇ω + ~ω × J~ω (1)

When considering an object spinning around its centre of mass, J is a diagonal matrix, so the
term ~ω × J~ω vanishes (angle between vectors is 0 hence cross product is 0).

Angular momentum L(or moment of momentum), is J~ω. Newton-Eulers equation
(eq 1), parallels Newtons equation for linear momentum so ~τ = dL

dt

Gyroscopic precessions: Veritassium (https://www.youtube.com/watch?v=ty9QSiVC2g0)
Bizarre spinning toys: Physics girl (https://www.youtube.com/watch?v=1Tx7FgZuV3U) Space-
DRUMS handle (Dynamically Responding Ultrasonic Matrix System) (https://www.youtube.
com/embed/1n-HMSCDYtM)

9.5 Conserved quantities (Noether’s first theorem)

Noether’s theorem - named after Emmy Noether - relates conserved quantities to invariance4. See
(https://www.discovermagazine.com/the-sciences/how-mathematician-emmy-noethers-theorem-changed-physics)

continuous symmetry continuity
time (experiments that give the same result today as yes-
terday)

Conservation of energy/mass

space (things happen the same in different places) Conservation of momentum
orientation (ditto orientation) Conservation of angular momentum
wave function/Gauge invariance (e.g. light is the same
everywhere)

Conservation of electric charge

Common symbol relationships
Energy E 1

2
mv2 (KE), 1

2
Kx2 (PE spring), mgh (PE mass

Linear momentum p f = dp
dt

Angular momentum L ~L = J~ω = ~r × ~p τ = dL
dt

9.6 Example of conservation of energy and angular
momentum

Spheres and cylinders rolling down an incline: Flipping physics (https://www.youtube.

com/watch?v=jaqS5dJlrjY) Angular Momentum in gymnastics: OpenStax (https://www.
youtube.com/watch?v=FmnkQ2ytlO8)

10 Statically balanced pin jointed

structures (trusses)

10.1 Notation

• a pin (joint) can not transmit torque
• a break in a link
• a grounded surface
• a support

4Máximo Bañados and Ignacio A. Reyes (2016). A short review on Noether’s theorems, gauge symmetries and
boundary terms. doi: 10.1142/S0218271816300214. arXiv: arXiv:1601.03616. url: https://arxiv.org/

pdf/1601.03616.pdf.
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• a sliding support (only transmits forces perpendicular to the surface

Figure 3: Illustration of a pin joint showing the forces applied to each element. Clockwise from
the top left are, the joint showing the forces on a link; the forces on the pin; forces on the pin;
forces on the support; forces on the wall.

Figure 4: Illustration of a sliding support that can only transmit forces perpendicular to the
surface

Statically balanced pin jointed structures are integral in most engineering courses so there
is plenty of material on line. For example the principles needed for this course can be found at
(http://www.engineersdaily.com/2011/01/3-methods-for-truss-analysis.html)

10.2 A Triangle
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Figure 5: Simple pin joint structure

10.3 Method of breaking connecting links to calculate
the forces

Figure 6: Pin jointed structure (engineeringdaily.com method for trust analysis)

10.4 The foot as a pin jointed structure

11 Mechanical Energy flow

Power P = ~f · ~v = ~T · ~ω where ~f is a force vector, ~v is a velocity vector, ~T is a torque vector,
and ~ω is an angular velocity vector.

Since Power is rate of change of energy P = dE
dt

we can quantify energy as

E =

∫
~f · ~vdt

Passivity is a measure of overall energy flow usually considered as several one dimensional terms.
Consider energy flow as

E(t) =

∫ t

0

f(τ)v(τ)dτ
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Figure 7: Foot ’Windlass’ mechanism (physio-pedia.com Foot and ankle structures)

We can consider this energy flow as being across a single boundary, across a surface (boundary)
enclosing the entire element of interest, or into ports within a system.

If we wish to apply the law of conservation of energy we need to account for all energy flowing
across an enclosing surface or boundary and all energy stored within that boundary. In most cases
we will simply accept that heat energy is transferred across the boundary and will account for any
imbalance.

We can use definitions such as strict passivity where energy only flows into the system, or
passivity where, energy may be stored, but over time, energy will be released from the system.

Strictly passive at 1 port (non-enclosing boundary)

• resistors, and mechanical dampers.

Passive at 1 port (non-enclosing boundary)

• inductors, inertia, springs, capacitors

Passive at all boundaries

• Transistors, hydraulic/pneumatic pistons, electric motors

Figure 8: Energy flow in passive components is positive if energy is lost

Given this definition we can choose our coordinates so that when the product Fextv is positive,
power (and energy) is flowing into the system.
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We can use change of variables if need be so

E =

∫ t1

t0

Fextẋdt =

∫ x(t1)

x(t0)

Fextdx

Example: Linear spring for x1 < x2

E = K

∫ x1

x0

xdx =
K

2

(
x21 − x20

)
Which is positive so energy flow is into the system.

11.1 Energy of movement

11.1.1 Metabolic and Mechanical Energy measurement

Metabolic power is estimated from oxygen consumption based on the energy being released from
food. Burning 1 cm3 of O2 releases about 20 Joules of energy.

Mechanical power is measured as the power delivered by the human (or animal). For example
using a bicycle ergometer.

Metabolic power is approx 4 x mechanical power (an estimate of the efficiency of the human
machine)

• Human peak power is about 1400 watts (measured on an ergometer with both hand and foot
pedals.)

• Human powered flight requires 250 watts (e.g. Gossamer Albatross)

Metabolic resting O2 consumed is about 3.5 litre/min/kg i.e. about 1.1 kW
Metabolic equivalent of task (MET) is an imprecise definition where 1 MET is the metabolic

energy per kilogram used when a person is resting. Thus

M =
1

3.5

y

m

where M is the metabolic equivalent of a task (MET), y is the oxygen consumed per minute, m is
the person weight.
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Figure 9: Left:Oxygen consumption vs Mechanical energy on a bicycle ergometer. Right:
Schematic of a bicycle ergometer.
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Figure 10: Metabolic Power vs speed for men.5
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Figure 11: Left: Mechanical power that an athlete on a bicycle ergometer was able to sustain
(from D.R. Wilkie (1985) J. exp Biol. 115 1-13) Right: Metabolic power extrapolated for world
record speeds (1986) over 5-10km (based on Prampero (1986) Int. J. Sports Med. 7 55-72)
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Notes

• muscles have an optimal performance region.
• Power extraction requires a cyclic action.

Factors that effect power include

• Person’s level of fitness
• Level of fatigue
• Posture,
• Nature of the force-velocity cycle – eg rowing vs cycling

Number of subjects Mean mass Mean max power
Kg W (W/Kg)

Male Sprinters 10* 72 1221 (17.1)
rugby forwards 17 91 1221 (13.3)
hockey players 12* 68 1011 (14.8)
endurance runners 12 64 758 (11.7)
recreational 7 65 813 (12.4)

Women sprinters 56 793 (14.1)
recreational 7 59 594 (10.2)

Maximum power output in bursts of about six seconds on a bicycle ergometer from the data
of H. Vandewalle et al. (1987) Eur J. appl. physiol. 56 650-656 From R McNeill-Alexander The
human machine - Groups marked * were mostly or all members of the French national team

11.1.2 Further research

Look up the work of Eadweard Muybridge (e.g. www.artsmia.org/playground/muybridge) also
lookup Harold Edgerton who worked at MIT in the middle of the last century.

11.1.3 Inertial measurements, Pedometers, and Activity monitors

Modern activity monitors are based in part on mechanical pedometers. A lever was used as a
mass-spring-damper mechanism. This in turn connects to a cycle counter.

Key to figure 12

1. Spring adjustment scale?
2. Weight is red
3. Lever
4. Gear train
5. Spring
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Figure 12: Mechanical Pedometer patent- see explainthatstuff.com and US Patent 758405 (1904
Gustav Bunzl)

Modern pedometers and fitness bands replace the mass-lever mechanism with an accelerometer6

and7. This means that there is no longer a resonant frequency that can be tuned to the cadence of
walking.

Manufacturers do not publish details of their algorithms, but it appears that algorithms either
try to simulate individual step counts as per the original mechanical pedometers, or band pass
filter the data at about 0.75 Hz (possibly with a bandwidth of 2-4Hz), threshold filter output and
summate over a 30 second or 1 minute epoch. This appears to amount to about 35-40 counts
per step (heel strike to heel strike). (see https://actigraph.desk.com/customer/en/portal/

articles/2515580-what-are-counts- for details such as they exist.
A rough estimate of energy can be made by averaging the vertical acceleration while walking,

and using this to estimate the change in potential energy of the persons centre of mass.

Metabolic Equivalent of Task The MET is calculated from counts, that is the output of a
band-pass filter with a mid point of about .75 Hz, that is thresholded and summed over a minute,
roughly corresponding to steps per minute.

6Rachel King et al. (2016). “Application of data fusion techniques and technologies for wearable health
monitoring”. In: Medical Engineering & Physics. doi: 10.1016/j.medengphy.2016.12.011.

7Neil Zhao (2010). Full-Featured Pedometer Design Realized with 3-Axis Digital Accelerometer. Tech. rep.
Analog Devices. url: http://www.analog.com/media/en/analog-dialogue/volume-44/number-2/articles/

pedometer-design-3-axis-digital-acceler.pdf.
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Freedson Adult (1998)
Freedson Treadmill Adult (1998) MET Rate = 1.439008 + (0.000795 * CPM)
Crouter Adult (2010)
Hendelman Adult Overground (2000) MET Rate = 1.602 + (0.000638 * CPM)
Hendelman Adult Overground and
Lifestyle (2000)

MET Rate = 2.922 + (0.000409 * CPM)

Swartz Adult Overground and Lifestyle
(2000)

MET Rate = 2.606 + (0.0006863 * CPM)

Leenders Adult Treadmill (2003) MET Rate = 2.240 + (0.0006 * CPM)
Yngve Adult Treadmill (2003) MET Rate = 0.751 + (0.0008198 * CPM)
Yngve Adult Overground (2003) MET Rate = 0.751 + (0.0008198 * CPM)
Brooks Adult Overground (2005) MET Rate = 2.32 + (0.000389 * CPM)
Brooks Adult Body Mass & Overground
(2005)

MET Rate = 3.33 + (0.000370 * CPM) - (0.012 * BM)

Freedson Children (2005) MET Rate = 2.757 + (0.0015 * CPM) - (0.08957 *
Age) - (0.000038 * CPM * Age)

CPM=Counts per minute
Age = age in years
BM=Body Mass in kg

Mortazavari8 estimates that errors in measurement of up to 80% in MET calculations using step
counts computed from accelerometers

11.2 Walking cadence, Tudor-Locke et al.

Walking cadence and exercise intensity9.
Study of 76 healthy adults (10 men and 10 women representing each 5-year age-group category

between 21 and 40 years)

• 5-min treadmill bouts at differing speeds
• Measured walking cadence and MET

Paper looking for the relationship between cadence (stepcount) and metabolic energy costs, i.e.
using steps to predict energy.

8Bobak Mortazavi et al. (2013). “MET calculations from on-body accelerometers for exergaming movements”.
In: Body Sensor Networks (BSN), 2013 IEEE International Conference on. IEEE, pp. 1–6.

9Catrine Tudor-Locke et al. (2019). “Walking cadence (steps/min) and intensity in 21–40 year olds: CADENCE-
adults”. In: International Journal of Behavioral Nutrition and Physical Activity 16.1, p. 8. doi: 10.1186/s12966-
019-0769-6. url: https://ijbnpa.biomedcentral.com/articles/10.1186/s12966-019-0769-6.
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Figure 13: Using cadence as a simple classifier for MET levels (Tudor-Locke Figure 2)

Figure 14: Recalculation of Tudor-Locke’s data. Left fig: Effect of obesity (red dots). Right fig:
Energy efficiency curves following Fig 10. Blue dots males, red dots females.

11.2.1 Discussion, and criticisms?

Thoughts about

• validity of the classifier.
• translation to Fitbit etc

12 Stress, strain and strength of materials
The website ’Strength of Materials’ at (https://mechanicalc.com/reference/strength-of-materials)

provides an appropriate introduction to strength of materials, and has been included as an ap-
pendix to these notes. These notes are assumed to be copyright by Mechanicalc so should not be
distributed.

And will review the following sections

Stress and Strain (https://mechanicalc.com/reference/strength-of-materials#stress-and-strain)
(Hooke’s law, strain energy)

Stiffness (https://mechanicalc.com/reference/strength-of-materials#stiffness) (Struc-
tures with multiple load paths)

Stress concentration (https://mechanicalc.com/reference/strength-of-materials#stress-concentration)

12.1 Stress in beams and bones

For an isotropic material, with stress along a single axis the principal strain can be calculated from
the stress and Young’s modulus as ε33 = σ33

E
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I ¼ 250� 203

12
mm4 ¼ 1:67� 105mm4

F ¼ 1600mm

40mm
kgf ¼ 40kgf

M ¼ 40� 9:81N� 1600mm

8
¼ 7:85� 104N mm

smax ¼ 7:85� 104 N mm� 10 mm

1:67� 105 mm4
¼ 4:7 N mm�2 ¼ 4:7 MNm�2

d ¼ 5� 40� 9:81N� 16003 mm3

384� 104 N mm�2 � 1:67� 105mm4
¼ 12:5 mm

The shelves will not break but they will deflect noticeably. The deflection is just

about acceptable aesthetically, but it may increase with time due to creep (see

Chapter 20). One solution would be to turn the shelf over every six months.
This will not be popular, however, and you are better advised to increase the

thickness instead.

A NOTE ON STRESSES AND STRAINS
IN 3 DIMENSIONS

When we look at stresses in real components—and the elastic strains these cre-

ate—it is useful to have a simple shorthand way of describing them. The follow-
ing figure shows that, no matter how complicated the loadings are on the

component, we can express the stresses at any given point in terms of 3 tensile

stresses and 6 shear stresses acting on a small “test cube.”

Loaded material

Small
“test cube”

1 2

2

3

1

�11
�12 �21

�22

�23

�32

�33

�31

�13

3
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Figure 15: Coordnates for stress calculations, see [Ashby2011]

For an isotropic material, the stress on all three principal axes, the strain can be calculated as
ε33 = σ33

E
− ν σ22

E
− ν σ11

E

Where ν (nu) is the Poisson ratio.

13 Ashby materials selection charts
The following materials charts are part of a materials selection process championed by Michael

Ashby10. Also see Ashby and Jones 201111.

10Michael F. Ashby (2016). Materials Selection in Mechanical Design. Elsevier.
11M.F. Ashby and D.R.H. Jones (2011). Engineering Materials 1 : An Introduction to Properties, Applications

and Design. Elsevier Science & Technology. url: http://idpproxy.reading.ac.uk/login?url=http:

//lib.myilibrary.com?id=405358.

25

http://idpproxy.reading.ac.uk/login?url=http://lib.myilibrary.com?id=405358
http://idpproxy.reading.ac.uk/login?url=http://lib.myilibrary.com?id=405358


 

©  Granta Design, January 2010                5 

 

Chart 1:  Young's modulus,  E  and Density,  ρρρρ 

 This chart guides selection of materials for light, stiff, 
components.  The moduli of engineering materials span a 
range of 107;  the densities span a range of 3000.  The 
contours show the longitudinal wave speed in m/s; natural 
vibration frequencies are proportional to this quantity.  
The guide lines show the loci of points for which 

• E/ρ  =  C  (minimum weight design of stiff ties; 
minimum deflection in centrifugal loading, etc) 

• E1/2/ρ =   C  (minimum weight design of stiff beams, 
shafts and columns) 

• E1/3/ρ  =  C  (minimum weight design of stiff plates) 

 

The value of the constant  C  increases as the lines are 
displaced upwards and to the left; materials offering the 
greatest stiffness-to-weight ratio lie towards the upper left 
hand corner.  Other moduli are obtained approximately 
from  E  using 

• ν  = 1/3;   G = 3/8E;  EK ≈  (metals, ceramics, 

glasses and glassy polymers) 

• or 5.0≈ν ;  3/EG ≈ ;  E10K ≈  (elastomers, 

rubbery polymers) 

where  ν  is Poisson's ratio,  G  the shear modulus and  K  
the bulk modulus. 
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Chart 2:  Strength,  σσσσf,  against Density,  ρρρρ 

 This is the chart for designing light, strong 
structures.  The "strength" for metals is the 0.2% offset 
yield strength.  For polymers, it is the stress at which the 
stress-strain curve becomes markedly non-linear - 
typically, a strain of abut 1%.  For ceramics and glasses, it 
is the compressive crushing strength; remember that this is 
roughly 15 times larger than the tensile (fracture) strength.  
For composites it is the tensile strength.  For elastomers it 
is the tear-strength.  The chart guides selection of 
materials for light, strong, components.  The guide lines 
show the loci of points for which: 

(a) σf/ρ    =   C   (minimum weight design of strong 

ties; maximum rotational velocity of disks) 

(b) σf
2/3

/ρ  =  C   (minimum weight design of strong 

beams and shafts) 

(c) σf
1/2

/ρ  =  C   (minimum weight design of strong 

plates) 

The value of the constant  C  increases as the lines are 
displaced upwards and to the left.  Materials offering the 
greatest strength-to-weight ratio lie towards the upper left 
corner. 
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Chart 3:  Young's modulus,  E, against Strength, 

σσσσf 

 The chart for elastic design. The "strength" for metals 
is the 0.2% offset yield strength.  For polymers, it is the  
1% yield strength.  For ceramics and glasses, it is the 
compressive crushing strength; remember that this is 
roughly 15 times larger than the tensile (fracture) strength.  
For composites it is the tensile strength.  For elastomers it 
is the tear-strength.   The chart has numerous applications 
among them: the selection of materials for springs, elastic 
hinges, pivots and elastic bearings, and for yield-before-
buckling design. The contours show the failure strain, 

E/fσ .  The guide lines show three of these; they are the 

loci of points for which: 

(a) σf  /E      =  C (elastic hinges) 

(b) σf
2
 /E     =  C (springs, elastic energy 

storage per unit volume) 

(c) σf 
3/2

/E =  C (selection for elastic 

constants such as knife edges; elastic diaphragms, 
compression seals) 

 The value of the constant  C  increases as the lines are 
displaced downward and to the right. 

 

14 Biomaterials

14.1 Some material properties

Material Tensile strength(σf) Youngs modulus (E) Density (ρ)
MPa GPa Mgm−2

trabecular bone 10.4-14.8∗

cortical bone 70+ 18.6-20.7∗

cortical bone (transverse) 5-13+

ABS M30 (3D printer) 31 [1] 2.23 1.04
ABS M30 (transverse) (3D printer) 26 [1] 2.18 1.04
Carbon fibre reinforced polymer (CFRP) 800 150 1.5
Dural Aluminium 483 73 2.8

Note [1] Along build plane/normal to build plane

GPa = Giga Pascal = 109Nm−2

MPa = Mega Pascal =106Nm−2

Density is in g/cm3 or Mg/m3

Sources

∗ J Biomech. 1993 Feb;26(2):111-9.
ABS-M30 is the typical material used in the schools 3D printer (Stratosyst F170)
+ CUED TLP on bone
Ashby12, Wikipedia, engineering toolbox (https://www.engineeringtoolbox.com/young-modulus-d_

417.html) and Stratosyst Material datasheet

12Michael F. Ashby (2016). Materials Selection in Mechanical Design. Elsevier.
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Figure 16: Bone structure showing cortical (outer) and trabecular(spongy) bone see (https:
//bioactive-collagen-peptides.com/effects-bones)

Figure 17: Sections of the femor showing principal lines of stresses in the femoral head and the thick-
ening in the bone shaft, see (https://depts.washington.edu/bonebio/ASBMRed/structure.
html)

14.2 Structure of bone and implant materials

For this section please use the Cambridge Teaching and Learning Package ’Structure of bone and
implant materials’ (https://www.doitpoms.ac.uk/tlplib/bones/) and try the quick questions
at the end and possibly deeper questions 5 and 6

(Please note the Cambridge course has materials as swf (flash) files. This format is no longer
supported and this material is not needed so should not be viewed.)

Cambridge Teaching and Learning Package

• Aims (https://www.doitpoms.ac.uk/tlplib/bones/aims.php?printable=1)
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• Before you start (https://www.doitpoms.ac.uk/tlplib/bones/prereqs.php?printable=
1)

• Introduction (https://www.doitpoms.ac.uk/tlplib/bones/intro.php?printable=1)
• Structure and composition of bones (https://www.doitpoms.ac.uk/tlplib/bones/structure.
php?printable=1) (ignore swf)

• Formation and remodelling of bone (https://www.doitpoms.ac.uk/tlplib/bones/formation.
php?printable=1) (ignore swf)

• Mechanical properties of bone (https://www.doitpoms.ac.uk/tlplib/bones/bone_mechanical.
php?printable=1) (ignore swf)

• Bone replacement (https://www.doitpoms.ac.uk/tlplib/bones/bone-replacement.php?
printable=1)

• An introduction to hip replacement (https://www.doitpoms.ac.uk/tlplib/bones/hip.
php?printable=1)

• Material selection (https://www.doitpoms.ac.uk/tlplib/bones/selection.php?printable=
1)

• Materials for femoral stem (https://www.doitpoms.ac.uk/tlplib/bones/stem.php?printable=
1) (ignore swf)

• Materials for femoral head and acetabular cup (https://www.doitpoms.ac.uk/tlplib/
bones/head.php?printable=1)

• Summary (https://www.doitpoms.ac.uk/tlplib/bones/summary.php?printable=1)

• (https://www.doitpoms.ac.uk/tlplib/bones/questions.php)
• (https://www.doitpoms.ac.uk/tlplib/bones/links.php)

15 Moment and stresses in shear loaded

beams
• Bones and buildings both need to resist shear forces, ie forces causing the material to slide

rather than pull apart.
• Analysis of a beam gives insight into both tensile/compressive forces and shear forces.
• Can considering two types of beam

– Cantilever, supported on one end with a force and torque from a ’wall’
– Bridge, supported at both ends

• Can identify the forces in the material and from this identify how much they will deform
with a load

• The forces, along with the Young’s modulus and a second moment of area (see below) allows
for prediction of the structures deflection.

16 Shear force and bending moment diagrams
We can consider the internal forces in a material. These are not homogeneous, rather they vary

along the length and through the height of the beam
The internal forces can be analysed in a cantilever beam. A first insight is possible by considering

the how the shear force and bending moment vairy along the beam. Note that the bending moment
arises from tensile and compressive forces along the notional ’cut’ but these forces are agregated
into a single moment.

The shear force and bending moment of a bridge structure (double supported) can likewise be
analysed. In this case it may be helpful to consider a load force FL that occurs 20% along the
beam, in which case FA = 0.8FL and FB = 0.2FL. This simplifies the calculation of FA and FB
that are needed to work out both the shear force and the bending moment. These will be calculate
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Shear force diagram

Bending moment diagram

Forces at a
conceptual
cut

Figure 18: Bending moment and shear force diagram for a cantilever

for the left most face. Equal and oposite forces for the right face of the ’cut’ must be in place for
the beam to remain in place.

17 Formulae for beam deflection and

rotation
Further analysis of the forces in the beam allow a calculation of the end difflection and slope.

These calculations may provide a rapid first estimate of forces in, for example, an internal prosthesis
to facilitate material selection.

This force/bending analysis is known as Euler-Bernoulli beam theory. This allows standard
formulae to be calculated as shown in the figure

below (fig /reffig:Eulerbeams). Note E is the Youngs/Elastic modulus, and I is the second
moment of area of the beam/bone cross-section (See section on Second moment of area). The
second moment of area will be along an axis out of the page that passes through what is called the
’neutral axis’ where there are no tensile/compressive forces.

17.1 Second moment of area

The defintion of I of some 2 dimensional region R about some axis x− x is
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Shear force diagram

Bending moment diagram

Figure 19: Bending moment and shear force diagram for a bridge with a load

Ixx =

∫
R
ρ2dA

where ρ is the perpendicular distance to axis x− x
In cartesian coordinates for the x− y coordinate frame this is

Ixx =

∫ y2

y1

∫ x2

x1

y2dxdy

Often the order of integration does not matter as long as the limits of integration are preserved so

Ixx =

∫ x2

x1

∫ y2

y1

y2dydx
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Figure 20: See (http://www.eng.cam.ac.uk/DesignOffice/databooks/2002/structural.pdf)

17.2 Table of some second moments of area

All the following shapes have the centre of area at the origin of the coordinate system, hence can
be used with the parallel axis theorem to find the second moment of area of more complex shapes.
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A filled ellipse Ix = π
4
ab3 Iy = π

4
a3b

A circle Ix = Iy = π
4
r4

An annulus Ix = π
4

(r42 − r41)

A rectangle Ix = bh3

12
Iy = b3h

12

A circle segment/sector Ix = (θ − sin θ) r
4

8
valid only for 0 < θ < π

17.2.1 Addition and subtraction

Second moment of areas can be added and subtracted provided they are all refered to the same
axes. To do this it may be necessary to invoke the parallel axis theorem

17.2.2 Parallel axis Theorem

If the second moment of area of a shape about the centre of area is Ix then the second moment of
area of that same shape about a parallel axis displaced by a distance d from the principal axis is

Ix′ = Ix + Ad2
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Where A is the area of the shape

17.3 Definitions and concepts

gait cycle A complete stride from heel strike to heel strike
Step length distance between left and right foot placement
Stride length distance covered in one gait cycle
stride 2 steps or 1 pace
Cadence steps per second

Ref (https://www.utdallas.edu/atec/midori/Handouts/walkingGraphs.htm) see also (http:
//doi.org/10.1177/0309364613485112)

The roman definition of a pace is two steps. Since a roman mile is defined as 1 mile=1000
paces this gives a step as approx 800mm

17.4 Motion capture (measuring movement)

There are broadly two approaches to measuring gaits, the first approach tends to be camera based
where measurements are made with respect to markers or sensors in the room and on the body.
The second approach is intrinsic in that it does not (in theory) confine the individual to a motion
capture laboratory or a gait laboratory.

• Absolute metrics (camera, time of flight or triangulation)

– Eadweard Muybridge’s cameras
– Passive (optical) markers e.g. VICON markers and IR cameras
– Active markers e.g. Ultrasound beacons, infrared emitters
– Image processing techniques (e.g. Kinect camera )

• Intrinsic (Inertial methods)

– Accelerometers and gyroscopes (search for Xsens.com)

17.5 Vicon like methods

Problems, obscured markers, accuracy vs area/volume of measurement, resolution of individual
markers in each camera image.

Minimal system needs about 4 cameras, a good system will have up to 16. CGI will use many
more.

More cameras mean, 1) possibly greater accuracy (more measurements of the variable), 2) less
chance of obscured markers, 3) larger area coverage. Multiple cameras need greater care with
calibration.

Uses Gait diagnosis and evaluation
GCI for games and movies (e.g. polar express, Lord of the Rings, Rise of the Planet of the

Apes, Tintin)
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Figure 21: Vicon in use at University of Auckland

(https://www.vicon.com/about-us/what-is-motion-capture/)

17.6 Inertial methods

Problem: measures accelerations (accelerometers) and velocities (gyroscopes) so integration to
recover position tends to drift.

17.7 Animal Gaits

Gaits can be static or dynamically stable, symmetrical or asymmetrical and mostly involve an even
number of legsAlexander 1992a.

A gait is described by two variables for each foot:

1. Relative phase, phase shift between the different feet
2. Duty factor (fraction of the time spent on the ground)

17.8 Symmetrical gaits

Footfalls of a pair of feet are equally spaced in time

Bipedal Walk – duty factor > 0.5 for each foot
Bipedal run – duty factor < 0.5
Quadruped Trot – feet of diagonal limb pair fall synchronously; duty factor ≈ 0.5
Pace – feet of lateral limb pair fall synchronously; duty factor ≈ 0.5

17.9 Asymmetrical gaits

Footfalls of a pair are not equally spaced in time

Gallop and canter
Half-bound
Full bound
Pronk
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Figure 22: Muybridge galloping horse (wikimedia.org)

17.10 Human gaits

Biped gait can be considered as several states in two phases
Stance phase

HS= Heel strike
FF=Foot Flat
MS= Mid Stance (centre of gravity over the area of the foot)
HO=Heel Off
TO=Toe Off

Swing phase

SP=Swing
MS=Mid Stance
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Figure 23: Statically stable tripod gaitAlexander 1992a

Figure 24: Symmetric and asymmetric animal gaits
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Figure 25: Energy of travel
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Figure 26: Eadweard Muybridge the man who started it all
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Figure 27: Ground reaction forces during walking

Figure 28: Ground Reaction Force (GRF) measured below a foot while walking. From (http:
//doi.org/10.1007/978-1-4419-8432-6_3) adapted from Winter DA (1991) The biomechanics
and motor control of human gait: normal, elderly and pathological. University of Waterloo press,
Ontario.
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17.11 bare foot running

(http://barefootrunning.fas.harvard.edu/1WhyConsiderFootStrike.html) (http://barefootrunning.
fas.harvard.edu/4BiomechanicsofFootStrike.html)

18 Muscle and tendon models
• Muscles often in antagonistic pairs since joint needs to move in two directions and muscles

can only apply contractile forces.
• Activations can be monophasic, biphasic or triphasic

Models - See Krylow 199513

• Lumped Parameter (Hill) models
• Cross bridge models (Huxley)

18.1 Contraction cycle

Sarcomere model of contraction

Figure 29: Length Tension relationship for muscle. http://faculty.pasadena.edu/dkwon/

chapt_11

18.2 Tendon mechanics

Tendons contain collagen fibrils. and elastin . Tendons carry tensile forces from muscle to bone
Tendons are visco-elastic, ie strain is time dependent. If this is ignored then there are three regions
can be seen on the stress strain curve: 1) the toe or toe-in region, 2) the linear region and 3) the
yield and failure region. Stress strain graph for tendon Length-Tension relationship for muscle

13Andrew M. Krylow, Thomas G. Sandercock, and W. Zev Rymer (1995). “Muscle Models”. In: The handbook
of brain theory and neural networks. Ed. by Michael A. Arbib. Vol. part 3. MIT Press, pp. 609–613.
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18.3 Proprioceptors

18.3.1 Golgi Tendon organ

Located in the musculotendonous junction, i.e. where the muscle joins the tendon.
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Figure 30: Golgi Tendon Organ

18.3.2 Muscle Spindle

Typical response data appears to be sensitive to length, velocity, acceleration etc
S = f(l, v, a)

18.3.3 Hasan muscle spindle model (1983)

Hasan14 considers two components in the muscle spindle, a sensory section z(t) and a non sensory
section y(t).

The two sections are in series so that the force f(t) is common to both sections.
Length of sensory section is z(t), length of the non-sensory section is y(t) so that the total

muscle length is x(t) = y(t) + z(t)
Sensory section is spring like f(t) = K2z(t)

14Z. Hasan (1983). “A model of spindle afferent response to muscle stretch”. In: J Neurophysiol 49, pp. 989–1006.
eprint: http://jn.physiology.org/cgi/reprint/49/4/989.pdf. url: http://jn.physiology.org/cgi/

content/abstract/49/4/989.
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Figure 31: Muscle spindle receptor

Non sensory section is non linear

f(t) = K1 (y(t)− c)

(
1 +

(
ẏ

a

) 1
3

)

The firing rate g(t) is then determined by the sensory section as follows
g(t) = z + 0.1ż
Typical values for t The value of the constants a, b, c are assumed to be modulated by the

gamma motor neuron.
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Figure 32: Hassan model

18.4 The Hill model of muscles: Introduction

The background and mathematical outline is given for the Hill model of muscles. This model forms
the basis for many simulations, and although it does not have the physiological basis of models by
Huxley and Hodgekin, it has the benefit of simplicity. The Hill model is based on experimental
work done by Hill in 1938 on the thermodynamics of animal muscle in contraction. The resulting
‘Hill’ parabola forms a useful description of muscles that has the benefit of simplicity over the
more detailed Hodgekin and Huxley work. Thus many simulations, (Zeigmeister, Winter, Stark
and others) have used the Hill muscle model in preference to the Huxley models in simulations
ranging from eye saccades to leg movements.

18.5 Basic model

Hill identified a force-velocity relationship that is a very good fit to experimental data. The basic
form of Hill equation is

(Fce + ah) (Vce +Bh) = (Fmax + ah)Bh (2)

Fce is the force exerted by the contractile element, Vce is the muscle velocity, ah and Bh are
constants that shape the Hill parabola. The force Fmax can be considered as the tetanic force, i.e.
the force when the velocity is zero, and is assumed to be a function of both the muscle length, and
the level of muscle stimulation. The right hand terms of equation (2) are all constant and it can
be convenient to set these to a single constant such as K.

Notice that setting Vce to zero gives the condition that Fce=Fmax. Likewise we can set a
condition when Fce = 0 so that ah(Vmax +Bh) = K. From these conditions we can show that these
constants relate as follows

aVmax = Fmaxb

This form of the Hill equation takes muscle shortening as a positive value.
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The Hill model is often combined with a series elastic element kse and a parallel elastic element
kpe as can be seen in figure 18.5. Thus the Hill model is often considered as a force generating
actuator (A) in parallel with a non linear (Hill) damper (b). To illustrate that the contractile

Figure 33: Hill model showing contractile element, Hill damping and the series and parallel
stiffness elements. (Picture from (https://www.researchgate.net/.../Alexander_Hunt/.../
Figure-1-Hill-muscle-model.png))

element an be described as a damper (sometimes called a dashpot) in parallel with a force, it is
necessary to reformulate the Hill equation as

Fce = Fin −BhVce = Fin −
Fin(1 + afe)

afVmax − Vce
Vce

where the Hill damping is a function of Fin (some controlled input force) and Vce. That is

Bh(Vce, Fin) =
Fin(1 + afe)

afVmax − Vce
Fin represents some ‘neural’ input and is related to Fmax in the standard Hill equations.

18.5.1 Hill constants

For slow muscle fibres af lies between 0.1 and 0.25, and Vmax is about 2 Lo/sec (muscle lengths
per second) For fast muscle fibres af lies between 0.25 and 1, and Vmax is about 8 Lo/sec. Lo is
the muscle rest length.

On occasions it is helpful to consider muscle shortening as negative, in which case simply write
−Vce for Vce in the equations. For example the classical form of the Hill equation then simply
becomes

(Fce + ah) (−Vce +Bh) = (Fmax + ah)Bh

18.5.2 Muscle lengthening

When the muscle is being extended the Hill model may no longer apply. In numerical simulation it
is sometimes necessary to ensure that the Hill model is continuous up to the first derivative at
zero. One way to do this is to fit a polynomial, for example

Fce = Fin
(
1 + c1Vce + c2V

2
ce + c3V

3
ce

)
Where c1 =

1+af
Bh

, c2 = c1
Bh

and c3 = − (1+p)af (af+p)+p
2

a2
fp

2V 3
max

. The variable p determines the positive

intercept of the velocity axis.
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18.6 Fitting Hill to Joyce and Rack data

Figure 19 shows experimental results from Joyce and Rack15 with Hill parabola fitted as per the
values in the table below. The data is from cat soleus muscle stimulated at differing frequencies.
The experiments were published as two papers in the same journal with the above picture published
in the second paper. See

(https://physoc.onlinelibrary.wiley.com/doi/pdf/10.1113/jphysiol.1969.sp008924)
(https://www.ncbi.nlm.nih.gov/pmc/articles/PMC1351565/pdf/jphysiol01070-0215.pdf)

Figure 34: Muscle force as a function of muscle shortening, from Joyce and Rack 1969 with Hill
parabola overlaid (see table below for values).

neural input ah Bh Vmax Colour in the figure
35 .15 30 200 blue
15 .15 21 140 red
7 .25 17.5 70 yellow

18.7 Optimal power

Power generation can be considered as the product of force and velocity.
We can write the standard Hill model as

F =
K

b+ v
− a

so Power P is simply

P =
Kv

b+ v
− av

15G.C. Joyce and P.M.H. Rack (1969). “Isotonic lengthening and shortening movements of cat soleus muscle”. In:
J. Physiol. 204, pp. 475–491.
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Find a maximum or minimum of P w.r.t. v to find where maximum power is transferred from the
muscle to the load.

dP/dv =
K

b+ v
− a− K v

(b+ v)2
= 0

v = −b±
√
Kb

a

In practice only the positive (shortening) value makes sense. Using this and the definition of K gets

vmax =

(√
1 +

Fmax
a
− 1

)
b

19 Biomechanics week 9 Interactive
Challenge

1. Program Matlab with a Hill model that recreates the Hill models fitted to the Joyce and
Rack’s data (1969)

2. Estimate and plot the instantaneous power.
3. Estimate the Hill parameters to fit the 4 impulses/sec line of Joyce and Rack’s data

see (http:12Hillmodel.html) for details and links to the Joyce and Rack papers.

>> V=[0:100]; % set up a velocity range (shortening positive)

>> V=[-100:0]; % set up a velocity range (shortening negative)

neural input ah Bh Vmax
35 .15 30 200
15 .15 21 140
7 .25 17.5 70

Use the standard Hill model as

F =
K

b+ v
− a

How do you get K? (Look at the equations for the ’Basic model’ in the link above.)
The instantaneous power is then

>> P=V.*F;

How might you estimate the hill curve for 4 impulses per second from the Joyce and Rack plot?

20 Sensory Motor feedback

20.1 Motor Neurons (Efferents)

Conduct nerve impulses from the spinal cord to muscles and glands.
Classified into 3 types:

• α (alpha) MN- terminate on muscle plates, primary stimulators for muscle contraction.
• β (beta) MN-end both on muscles and muscle spindles.
• γ (gamma) MN-end of muscle spindles possibly a sensitivity control.
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Figure 35: Muscle force as a function of muscle shortening, from Joyce and Rack 1969 with Hill
parabola overlaid (see table below for values).

20.2 Sensory Neurons (afferents)

Conduct nerve impulses from sense organs to the spinal cord. Classified according to size

• Group Ia. – 12-21µm, arise from primary spindle endings(large, conduction velocity: 50-70
m/s (speeds of 120m/s possible in cat))

• Group Ib. arise from golgi tendon organs, smaller average diameter.
• Group II. – 6-12 µm Secondary Spindle endings (conduction velocity:24-50 m/s )
• Group III. 1-6 µm
• Group IV. Unmyelinated 0.25-1.5 µm (conduction velocity : 0.4-2 m/s)

20.3 Inter Neurons

Unmylenated neurons in the spinal cord and brain.

20.4 Conduction velocities

20.5 Inhibitory and excitatory synapses

The term synapse was probably coined by Charles S. Sherrington in 1897. Comes from the greek
”syn” meaning ”together” ”haptein” meaning ”to clasp.”

20.6 Spinal reflex

Rothwell’s figure 5.3 shows the basic connections for the motor system. Black neurons are inhibitory,
IN=inter neurons, RC = Renshaw cell, neurons in the box indicate that the cell receives multiple
similar inputs.Rothwell 1993; Hultborn, Lindström, and Wigström 1979

A monosynaptic reflex passes through only one synapse. (hence disynaptic trisynaptic etc)
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Figure 36: Sensory Neuron (lower figure) Motor Neuron (upper figure)

Renshaw timed the entry of a spike into the spinal cord until it left via a monisynaptic
connection. Time was about 1.5 ms

Renshaw thus estimated the synaptic delay time as approximately 0.8 ms
Principal reflex is probably the due to the muscle spindle receptors. The Ia has monosynaptic

access to the motoneurons.
Ia Fibres provide:

• Homonymous excitation to motor neurons in the parent muscle. (monosynaptic)
• Heteronymous excitation to motor neurons in other muscles. (disynaptic via IN)

Rothwells figures shows principal connections of the 1a afferents and the Renshaw cell (RC)
What is Disynaptic Inhibition?
It is the effect on antagonist muscle to facilitate agonist muscle movement. The Ia Inhibitory

Interneurone is responsible for a small delay in the signal getting to the antagonist muscle. After
this inhibition agonist movement is easier because there is no opposite power – (work it out!)

20.6.1 Reflexes

Reflex actions are rapid responses to internal or external stimuli and mediated in the spinal cord.
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Sensory receptor goes through sensory (afferent/Ia Ib II ) neuron to CNS in spine (mono, bi-
tri- synaptic) then to motor (efferent/ alpha beta gama) neuron to muscle

Typical reflex arcs are ‘Knee jerk’ or ‘Withdrawal reflex’.
Although this is due to a tendon stretch the mechanism is more likely to operate via the muscle

spindle rather than the golgi tendon organ. Why? The argument is as follows, muscle spindle can
be very sensitive to small movements (50 µm), (why if there is no way that the reflex controller
cannot react to these movements?), The tendon reflex causes a small lengthening in the muscle,
this activates the Ia and via the monosynapse the α neuron to cause contraction.

20.6.2 Ib (golgi tendon organ) reflex

The Ib fibres from GTO produce a disynaptic, or trisynaptic, inhibition on the agonist muscle.This
effect is the “Inverse Myotatic Reflex”.

So the Ib fibres seem to act in the oposite way to the Ia fibres! Postulated as a protection
mechanism.

Foot placement (stimulate cats paw to elicit placement), withdrawal (from something sharp,
stretch reflex (general term)

Reflexes can work across limbs and it is likely they serve to encode some or all of a gait cycle
or a cooperative action. (see FRA flexor reflex afferent pathways)

21 The brain and sensory-motor actions
Two Hemispheres
Four major lobes

• Frontal Lobes: Reasoning and planning, emotions premotor areas for voluntary movements
• Parietal Lobes: Perceptions and Motor areas, also language (written and spoken), memory,

principal motor areas.
• Occipital Lobes: Visual areas, object recognition.
• Temporal Lobes: Sound, memories,

Cerebellum (Little Brain) coordination
Brain stem
Spinal cord

Note, Cerebellum innervates ipsilaterally whereas the cortex works contralaterally.
Areas of brain associated with movement are Premotor areas, Sensory Motor Cortex, and

Cerebellum, visual cortex, frontal cortex, everywhere.

22 What is the power consumption of a

neuron?
Need the number of neurons and the metabolic, mechanical or electrical power.

P =
Pbrain
n

where n is number of neurons.
Alternative is to look at energy balances in a single neuron. An electrical solution is suggested

by Alle Alle, Roth, and Geiger 2009.
(http://hypertextbook.com/facts/2002/AniciaNdabahaliye2.shtml) Number of neurons¡endu¿

(http://hypertextbook.com/facts/2001/JacquelineLing.shtml) Power¡endu¿ (20 Watts)
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23 Some facts and numbers
Much of this information comes from ChudlerChudler15:˙brain˙facts˙figures. Also see

’neurostereology’ e.g.Mouton 2013

23.1 Human Cortex

• About 106 neurons per square centimeter
• About 1010 synapses per square centimeter
• About 2 milliwatts per square centimeter
• Total power consumption: 20 watts

(IEEE Spectrum, Dec 2010 pg 34 in ’the brain of a new machine, M. Versace and B. Chandler)

• Oxygen consumption whole brain = 46 cm3/min
• Oxygen consumption = 3.3 ml/100g/min
• 0.15× 1015 synapses in neocortex 16

23.2 Neocortex

Neocortex = new brain area of a3 sheet, folds allow packing in an enclosed space and
reduce the distance for long distance neurons

Neurons in the neocortex—
Males 22.8× 109

Females 19.3× 109

(See http://dx.doi.org/10.1016/S0531-5565(02)00151-1)
Between age of 20 and 90 we will loose about 10% of neocortical neurons
Neurons packed into 5-6 (I-VI) layers mostly within 2-4mm , these are structred in columns

with a diameter of about 0.5mm. Typical neuron will extend about 1mm.
Volume of brain (Allen http://dx.doi.org/10.1002/ajpa.10092)

Volume cm3 std lower bound upper bound
Male 1273.6 115 1052.9 1498.5
Female 1131.1 99.5 974.9 1398.1

>> plot(v,normpdf(v,1273,115),v,normpdf(v,1131,99.5),[1398 1398],[0 4.5E-3])

24 Cortex
Total surface area of the cerebral cortex = 2200 sq. cm Total number of neurons in cerebral

cortex = 2.6 billion Number of cortical layers = 6 Thickness of cerebral cortex = 1.5-4.5 mm

16http://dx.doi.org/10.1016/S0531-5565(02)00151-1
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25 The cerebellum
Cerebellum: Little brain Identified by Flourens in 1824 as having a role in coordinating

movements Theories

1. Acts as a comparator
2. Parameter (gain?) controller
3. A timing device, or a delay line, or a predictive filter.
4. An internal model

Cerebellum damage leads to jerky, weak, tremulous and/or inaccurate movements (perpetual drunk).
Intention tremors. Breakdown of multi-joint movements, speech break-ups, missed phonemes, and
problems adapting to challenging tasks.

Note, Cerebellum innervates ipsilaterally whereas the cortex works contralaterally Neural
structure of cerebellum Primary neuron types (maybe) parallel fibres/granule cells Purkinje cells
mossy fibres (information from proprioceptors via spinal cord) Secondary neuron types

26 climbing fibres (from inferior olive)

basket cells, stellate cells, golgi cells,

The brain as a Smith predictor
See Miall et al.Miall et al. 1993

A Appendix

A.1 Mechanicalc on Strength of Materials

The pages here are for reference only, please print the following directly from the website if you
need a hard copy.

See ’Strength of Materials’ (https://mechanicalc.com/reference/strength-of-materials)
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Strength of Materials

Strength of materials, also know as mechanics of materials, is focused on analyzing stresses and

deflections in materials under load. Knowledge of stresses and deflections allows for the safe design

of structures that are capable of supporting their intended loads.

Stress & Strain

When a force is applied to a structural member, that member will develop both stress and strain as a

result of the force. Stress is the force carried by the member per unit area, and typical units are

lbf/in
2
 (psi) for US Customary units and N/m

2
 (Pa) for SI units:

where  is the applied force and  is the cross-sectional area over which the force acts. The applied

force will cause the structural member to deform by some length, in proportion to its stiffness.

Strain is the ratio of the deformation to the original length of the part:
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where  is the deformed length,  is the original undeformed length, and  is the deformation (the

difference between the two).

There are different types of loading which result in different types of stress, as outlined in the table

below:

Loading Type Stress Type Illustration

Axial Force

Axial Stress 

(general case)

Tensile Stress 

(if force is tensile)

Compressive Stress 

(if force is compressive)

Shear Force Transverse Shear Stress

Bending Moment Bending Stress

Torsion Torsional Stress

Axial stress and bending stress are both forms of normal stress, , since the direction of the force is

normal to the area resisting the force. Transverse shear stress and torsional stress are both forms of

shear stress, , since the direction of the force is parallel to the area resisting the force.

L L0 δ

σ

τ

Normal Stress

Axial Stress:

Bending Stress:
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In the equations for axial stress and transverse shear stress,  is the force and  is the cross-

sectional area of the member. In the equation for bending stress,  is the bending moment,  is the

distance between the centroidal axis and the outer surface, and  is the centroidal moment of

inertia of the cross section about the appropriate axis. In the equation for torsional stress,  is the

torsion,  is the radius, and  is the polar moment of inertia of the cross section.

In the case of axial stress over a straight section, the stress is distributed uniformly over the entire

area. In the case of shear stress, the distribution is maximum at the center of the cross section;

however, the average stress is given by , and this average shear stress is commonly used in

stress calculations. More discussion can be found in the section on shear stresses in beams. In the

case of bending stress and torsional stress, the maximum stress occurs at the outer surface. More

discussion can be found in the section on bending stresses in beams.

Need Structural Calculators?

Just as the primary types of stress are normal and shear stress, the primary types of strain are

normal strain and shear strain. In the case of normal strain, the deformation is normal to the area

carrying the force:

Shear Stress

Transverse Stress:

Torsional Stress:

F A
M y

Ic
T

r J

τ = F/A

We have a number of structural calculators to choose from. Here are just a few:

Beam Calculator

Bolted Joint Calculator

Bolt Pattern Force Distribution

Lug Calculator

Column Buckling Calculator

Fatigue Crack Growth Calculator
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In the case of transverse shear strain, the deformation is parallel to the area carrying the force:

where  is the shear strain (unitless) and  is the deformed angle in units of radians.

In the case of torsional strain, the member twists by an angle, , about its axis. The maximum shear

strain occurs on the outer surface. In the case of a round bar, the maximum shear strain is given by:

where  is the angle of twist,  is the radius of the bar and  is the length.

The shear strains are proportional through the interior of the bar, and are related to the max shear

strain at the surface by:

where  is the radial distance from the bar's axis.

Hooke's Law

Stress is proportional to strain in the elastic region of the material's stress-strain curve (below the

proportionality limit, where the curve is linear).

γ ϕ

ϕ

ϕ r L

ρ
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Normal stress and strain are related by:

where  is the elastic modulus of the material,  is the normal stress, and  is the normal strain.

Shear stress and strain are related by:

where  is the shear modulus of the material,  is the shear stress, and  is the shear strain. The

elastic modulus and the shear modulus are related by:

where  is Poisson's ratio.

Hooke's law is analogous to the spring force equation, . Essentially, everything can be treated

as a spring. Hooke's Law can be rearranged to give the deformation (elongation) in the material:

Axial Elongation 

(from normal stress)

Angle of Twist

(from shear/torsional stress)

Strain Energy

When force is applied to a structural member, that member deforms and stores potential energy,

just like a spring. The strain energy (i.e. the amount of potential energy stored due to the

σ = E ϵ

E σ ϵ

τ = G γ

G τ γ

ν

F = k δ
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deformation) is equal to the work expended in deforming the member. The total strain energy

corresponds to the area under the load deflection curve, and has units of in-lbf in US Customary

units and N-m in SI units. The elastic strain energy can be recovered, so if the deformation remains

within the elastic limit, then all of the strain energy can be recovered.

Strain energy is calculated as:

General Form:   (area under load-deflection curve)

Within Elastic Limit:

(area under load-deflection curve)

(spring potential energy)

Note that there are two equations for strain energy within the elastic limit. The first equation is

based on the area under the load deflection curve. The second equation is based on the equation for

the potential energy stored in a spring. Both equations give the same result, they are just derived

somewhat differently.

More information on strain energy can be found here.

Need Structural Calculators?

U = Work = ∫ F dL

We have a number of structural calculators to choose from. Here are just a few:

Beam Calculator

Bolted Joint Calculator

Bolt Pattern Force Distribution

Lug Calculator

Column Buckling Calculator

Fatigue Crack Growth Calculator

MechaniCalc ☰
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Stiffness

Stiffness, commonly referred to as the spring constant, is the force required to deform a structural

member by a unit length. All structures can be treated as collections of springs, and the forces and

deformations in the structure are related by the spring equation:

where  is the stiffness,  is the applied force, and  is the maximum deflection deflection in

the member.

If the deflection is known, then the stiffness of the member can be found by solving .

However, the maximum deflection is typically not known, and so the stiffness must be calculated by

other means. Beam deflection tables can be used for common cases. The two most useful stiffness

equations to know are those for a beam with an axially applied load, and for a cantilever beam with

an end load. Note that stiffness is a function of the material's elastic modulus, , the geometry of

the part, and the loading configuration.

The torsional equivalent of the of the spring equation is:

The stiffness of a shaft under torsional load is of particular interest:

F = k δmax

k F δmax

k = F/δmax

E

Stiffness 

[lbf/in]

Max Deflection 

[in]
Illustration

Beam with axially applied

load:

Cantilever beam with end

load:

T = k ϕ
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Structure with Multiple Load Paths

If there are multiple load paths in a structure (i.e. there are multiple members in a structure that

share the load), the load will be higher in the stiffer members. To find the load carried by any

individual member, first calculate the equivalent stiffness of the members in the load path, treating

them as springs. Depending on their configuration, they will be treated as some combination of

springs in series and springs in parallel.

Springs in Parallel Springs in Series

Illustration:

Equivalent Stiffness of Structure:

Force in Individual Member:

Deflection in Individual Member:

Total Force in Structure:

Total Deflection in Structure:

Stiffness 

[in*lbf/rad]

Max Deflection 

[rad]

Illustration

Shaft with torsional load:

keq = k1 + k2 + k3 + ...

F1 = keqδtot = Fapp

Ftot = F1 + F2 + F3 + ... Ftot = F1 = F2 = F3 = ...

δtot = δ1 = δ2 = δ3 = ... δtot = δ1 + δ2 + δ3 + ...

MechaniCalc ☰
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If the members in the load path cannot be treated purely as springs in series or as springs in parallel,

but are rather a combination of springs in series and in parallel, then the problem will need to be

solved iteratively. Fine a sub-grouping of the members that are either purely in series or in parallel,

and use the equations provided to calculate the equivalent stiffness, force and deflection in the sub-

group. The sub-group can then be considered a single spring with the calculated stiffness, force, and

deflection, and that spring can then be considered as a part of another sub-group of springs.

Continue grouping members and solving until the desired result is achieved.

Stress Concentrations

Stress concentrations are accounted for by stress concentration factors. To find the actual stress in

the viscinity of a discontinuity, calculate the nominal stress in that area and then scale it up by the

appropriate stress concentration factor:

where  is the actual (scaled) stress,  is the nominal stress, and  is the stress

concentration factor. When calculating the nominal stress, use the maximum value of stress in that

area. For example, in the figure above, the smallest area at the base of the fillet should be used.

Many reference handbooks contain tables and curves of stress concentration factors for various

geometries. Two of the most comprehensive collections of stress concentration factors are Peterson's

Stress Concentration Factors and Roark's Formulas for Stress and Strain. MechaniCalc also provides a

collection of interactive plots for common stress concentration factors.

Forces and stresses can be thought to flow through a material, as shown in the figure below. When

the geometry of the material changes, the flow lines move closer together or farther apart to

accommodate. If there is a discontinuity in the material such as a hole or a notch, the stress must

flow around the discontinuity, and the flow lines will pack together in the vicinity of that

discontinuity. This sudden packing together of the flow lines causes the stress to spike up -- this peak

stress is called a stress concentration. The feature that causes the stress concentration is called a

stress riser.

Stress Concentration Plots

Check out our interactive plots for common stress concentration factors.

σmax = K σnom

σmax σnom K
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The concentration of stress will dissipate as we move away from the stress riser. Saint-Venant's

principle is a general rule of thumb stating that the distance over which the stress concentration

dissipates is equal to the largest dimension of the cross section carrying the load.

Calculation of stress concentration is particularly important when the materials are very brittle, or

when there is only a single load path. In ductile materials, local yielding will allow for stresses to be

redistributed and will reduce the stress around the riser. For this reason, stress concentration factors

are not typically applied to structural members made of ductile materials. Stress concentration

factors are also not typically applied when there is a redundant load path, in which case yielding of

one member will allow for redistribution of forces to the members on the other load paths. An

example of this is a pattern of bolts. If one bolt starts to give, then the other bolts in the pattern

will take more of the load.

Combined Stresses

At any point in a loaded material, a general state of stress can be described by three normal stresses

(one in each direction) and six shear stresses (two in each direction):

The subscripts on the normal stresses, , indicate the direction of the normal stress. The subscripts

of the shear stresses, , have two components. The first indicates the direction of the surface

normal, and the second indicates the direction of the shear stress itself.

Commonly, the stresses along one direction are zero so that the full state of stress occurs on a single

plane, as shown in the figure below. This is called plane stress. Plane stress occurs in thin plates, but

it also occurs on the surface of any loaded structure. Surface stresses are commonly the most critical

stresses since bending stress and torsional stress are maximized at the surface.

σ
τ
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In the figure above,  and  are the normal stresses, and  is the shear stress. The stresses

balance so that the point is in static equilibrium. Because the shear stresses are all equal in

magnitude, the subscripts are dropped for simplicity. (Note however that the sign of the stresses on

the x face will be opposite to those on the y face.)

The proper sign conventions are as shown in the figure. For normal stress, tensile stress is positive

and compressive stress is negative. For shear stress, clockwise is positive and counterclockwise is

negative.

If the stresses from the figure above are known, it is possible to find the normal and shear stress on

a plane rotated at some angle, , with respect to the horizontal, as shown in the figure below. The

transformation equations below give the values of the normal stress and shear stress on this rotated

plane.

Note that in the figure above,  is measured from the x-axis, and a positive value of  is

counterclockwise.

σx σy τ

θ

Normal Stress:

Shear Stress:

θ θ
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At any point in the material, it is possible to find the angles of the plane at which the normal

stresses and the shear stresses are maximized and minimized. The maximium and minimum normal

stresses are called principal stresses. The maximum and minimum shear stresses are called the

extreme shear stresses. The angles of the principal stresses and the extreme shear stresses are

found by taking the derivative of each transformation equation with respect to  and finding the

value of  where the derivative is zero.

Principal Stress Angles:

Extreme Shear Stress Angles:

The angles above can be substituted back into the transformation equations to find the values of the

principal stresses and the extreme shear stresses:

Principal Stresses:

Extreme Shear Stresses:

The angles at which the principal stresses occur are 90
°
 apart. Principal stresses are always

accompanied by zero shear stress. The angles at which the extreme shear stresses occur are 45
°

from the angles of the principal stresses. Extreme shear stresses are accompanied by two equal

normal stresses of .

A couple useful relationships are:

The sum of the normal stresses is constant.

The maximum shear stress is half the difference of the principal stresses.

Mohr's Circle

θ
θ

(σx + σy) / 2

σ1 + σ2 = σx + σy

Mohr's circle is a way of visualizing the state of stress at a point on a loaded material. It gives an

intuitive feel to the stress transformation equations, and shows how the stresses on an element

change as a function of the rotation angle, . From Mohr's circle, it also becomes clear what are the

principal stresses, the extreme shear stresses, and the angles at which thoses stresses occur. An

example of Mohr's circle is shown in the figure below:

θ

Mohr's Circle Calculator

Check out our Mohr's Circle calculator based on the methodology described here.
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To construct Mohr's circle, first locate the center of the circle by taking the average of the normal

stresses:

Place points on the circle representing the stresses on the x and y faces of the stress element. The

stresses on the x face will have the coordinates ( ), and the stresses on the y face will have

the coordinates ( ). Place points on the circle for the principal stresses. The maximum

principal stress will have the coordinates ( ), and the minimum principal stress will have the

coordinates ( ). Place points on the circle for the extreme shear stresses. The maximum

extreme shear stress will have coordinates ( ), and the minimum extreme shear stress will

have coordinates ( ).

All of the points will lie on the perimeter of the circle. The circle has a radius equal to the

magnitude of the extreme shear stresses:

The state of stress on the x and y faces of the stress element is represented by the black line in

Mohr's circle connecting the points ( ) and ( ). This line in Mohr's circle corresponds to

the unrotated element in the figure below. If this line is rotated by some angle, then the values of

the points at the end of the rotated line will give the values of stress on the x and y faces of the

rotated element. It is important to note that the 360 degrees of Mohr's circle are equivalent to 180

degrees on the stress element. For instance, the points for x face and the y face are 180 degrees

apart on Mohr's circle, but they are only 90 degrees apart on the stress element.

 σx , −τ 
 σy , τ 

 σ1 , 0 
 σ2 , 0 

 σc , τ1 
 σc , τ2 

 σx , −τ   σy , τ 
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To get a more intuitive feel for how Mohr's circle relates the stresses on a stress element and how

the stress state changes as a function of rotation angle, see the accompanying Mohr's circle

calculator.

Applications

There are many structural components that are commonly subjected to stress analysis. The details

on the analysis of these components are given in other sections:

Beams

Columns

Bolted joints

Lifting lugs

Pressure vessels

Shafts

Need Structural Calculators?

We have a number of structural calculators to choose from. Here are just a few:

Beam Calculator

Bolted Joint Calculator

Bolt Pattern Force Distribution

Lug Calculator

Column Buckling Calculator

Fatigue Crack Growth Calculator
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Allowable Stress Design

Knowledge of stresses and deflections allows for the safe design of structures that are capable of

supporting their intended loads. It is always desired for the stresses in a structure to remain within

the limits of the structure's strength. The yield strength of the material is commonly chosen as the

strength limit to which the calculated stresses are compared.

The factor of safety, , is calculated as:

where  is the calculated stress in the structure, and  is a maximum stress limit, typically

a material strength such as the yield strength ( ). The factor of safety indicates how far the actual

stress is below the limiting stress. The  value must be greater than or equal to 1 for the structure

not to fail, but engineers will almost always design to some required factor of safety greater than 1.

The required factor of safety will vary based on the criticality of the structure (i.e. the

consequences if the structure were to fail) as well as the loading conditions (i.e. what types of loads

are applied, how predictable are the loads, etc.). A high  will result in a very safe structure, but

if the value of  is too high then the structure may become so large and heavy that it can no longer

successfully perform its intended function. There are therefore many tradeoffs when selecting an

appropriate factor of safety. Typical values of  range from 1.15 to as high as 10.

The margin of safety is calculated as:

In the equation above, any value above zero indicates that the actual stress is below the limit stress.

Although margins of safety are typically reported as decimal values, it is much more intuitive to

think of margins as percentages. For example, if the limiting stress of a structure is 1.5 times higher

than the actual stress, there is 50% margin (  = 0.5).

When reporting factors of safety and margins of safety, sometimes the required factor of safety will

be "baked in" to the reported factors. For example, the engineers may require a structure to

maintain a factor of safety of at least 2, so that . To bake in the required factor of safety,

the reported  and  are calculated as:

FS

σactual σlimit
Sty

FS

FS
FS

FS

MS

FSreq = 2
FS MS
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Note that when including the required factor of safety, , the reported  and  are actually

the margins with respect to , not with respect to the stress.
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B Biomechanics week 2 Interactive
• (http:wb13_10a.png) Whiteboard of answer to Q4a
• (http:wb13_10b.png) Whiteboard of answer to Q4b

C Q1 (10 mins)
Use the image below to classify some materials, e.g.

• Aluminium (dural)
• Brick
• Concrete
• Cork
• Nylon
• Polystyrene
• Steel
• Stone
• Titanium
• Wood
• ABS (Acrylonitrile butadiene styrene)

Figure 44: Ashby materials diagram Fracture toughness vs strength

D Q2 (5 mins)
List some of the properties that you might look for in a materials or a biomaterial.

E Q3 (10 mins) Vectors
The three principal accelerations of a pendulum are
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~g = (g sin(θ), g cos(θ), 0) (3)

~a1 = (−lθ̇2, 0, 0) (4)

~a2 = (0, lθ̈, 0) (5)

These are in a given in a coordinate frame attached to the weight or ’bob’

a. Draw these as three vectors in a suitable x, y coordinate frame. (see if bb whiteboard works as
a group)

b. What is the resultant acceleration vector of the bob?
c. For a frictionless pendulum, the y component of the resultant needs to equal 0. Write down

the equation for a frictionless pendulum.
d. Walking is often compared to a pendulum swinging, why?

F Q4 (15 mins) Vectors
A rigid L shaped body has a set of forces applied.

a. For the forces and torques shown in figure A. What is resultant force on the ’L’ and what is
the torque around the point A
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b. For the forces shown in figure B, please compute the torques around the origin using either
the skew

matrix or by method of cross products. If there is a pivot or pin at the origin, what is the value of
the first component of ~f1 = (a, 0, 0) (i.e. the torque at the pin must be zero)

G Biomechanics week 3 Interactive

H Breakout Q1
Calculate forces at A and B and in links AC, AB and BC

I Breakout Q2
Calculate the forces at pins D and C. What information is not needed to do this.
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J Breakout Q3
Note assume triangles are equilateral, i.e. angles are 60 degrees
Calculate

1. the reaction forces at pins A and D.
2. the forces in links EB and EC
3. the forces in links DC and DE
4. The force in link BC

K Biomechanics week 4 Interactive
Assignment 1 sign up
https://docs.google.com/document/d/1QxzVa5DDESb99I4JX1EXGmw6PAYkTlvDwiYcnMcD80A/

edit

L Breakout

L.1 wk3 Q2

(a) What is the sin, cos and tan of the angle at BCA
(b) Calculate the forces at pins D and C. What information is not needed to do this.
(c) Calculate the force in link AC

64

https://docs.google.com/document/d/1QxzVa5DDESb99I4JX1EXGmw6PAYkTlvDwiYcnMcD80A/edit
https://docs.google.com/document/d/1QxzVa5DDESb99I4JX1EXGmw6PAYkTlvDwiYcnMcD80A/edit


L.2 Stress and strain Q1

A prosthetic leg component is to be designed in the shape of a hollow cylinder with an outside
diameter (o.d.) of 6cm and a wall thickness of 3mm. The component is 40cm long and will attach
the artificial foot to the prosthetic socket.

(a) Estimate two weights of possible users, for example a person who is healthy, a child, an older
person or a person who is overweight.

(b) What is the stress in the prosthetic leg for each of the above weights when the person is
standing on just the artifical leg?

(c) Choose one of the individuals in (a), and for all 3 potential materials are given below, what
change in length of the prosthetic leg might be expected? Is the component likely to fail if
the person stands on one leg?

(d) Walking imposes up to 6x body weight on the leg. For the individuals you have identified
above, what wall thickness would allow the prosthetic leg would be able to sustain the forces
of walking with a safety factor of 2?

(e) What then is the weight of this component
(f) Based on these calculations, can you recommend a material for the component?

Safety factor is the ratio of the failure or yield stress of the material over the maximum expected
stress in the material.

Material Max tensile stress Young’s modulus E Density
MPa GPa Mgm−2

ABS M30 (3D printer) 31/26 MPa [1] 2.23/2.18 GPa 1.0
Carbon fibre reinforced polymer (CFRP) 800 MPa 150 GPa 1.5
Dural Aluminium 483 MPa 73 GPa 2.8

[1] Along build plane/normal to build plane

Source, Ashby, Wikipedia, engineering toolbox (https://www.engineeringtoolbox.com/young-modulus-d_
417.html) and Material datasheet

GPa = Giga Pascal = 109Nm−2

MPa = Mega Pascal =106Nm−2

Density is in g/cm3 or Mg/m3

M Biomechanics week 5 Interactive
• Any questions on Assignment 1?
• Hip replacement quiz (https://www.doitpoms.ac.uk/tlplib/bones/questions.php) Q1-

4, 5, 8
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N Integration questions
The following questions introduce the concept of first and second moments of area.

N.1 Q1

We will shortly be looking at ’beam’ mechanics and the following questions are to introduce some
ways of looking at beams, and to refresh the concept of integration.

The figure below represents a beam that is supported at each end that has a ’distributed’ weight
that starts a distance a from the origin and ends at a distance b. m is the mass per unit length
and represents a load on the beam. Sum of forces on the beam means that (b− a)m = FB + FA

If you take anti-clockwise moments about A you should get the formula

−
∫ b

a

xmdx+ lFB = 0

Check to see if this formula is right then integrate to find out a relationship between FB and the
other parameters.

N.2 Q2

The first moment of area is the sum of all elemental areas times the distance that area is from an
axis. The figure below simplifies this idea to a one degree of freedom problem by considering a
uniform beam.

Thus for this image the first moment of area is

F = h

∫ l

0

xdx

Find F for the figure in terms of the area A of the rectangle (A = lh) and the length l
The second moment of area for the figure is

I = h

∫ l

0

x2dx

Find I for the figure in terms of the area A of the rectangle (A = lh) and the length l
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N.3 Q3

Recompute the first and second moments of area for the figure below, i.e. when the limits are − l
2

and l
2

rather than 0 and l

O Biomechanics week 7 Interactive

P Beam theory

P.1 Question 1

Sketch the shear force diagram and bending moment diagram for the following figure. Calculate
the key values of shear force and bending moment. (You can choose numerical values for a, b and
m if you wish.

Figure 45: Bending moment and shear force diagram for a distributed load on a bridge

P.2 Question 2: Beam end deflection

Estimate the Youngs modulus for a 30 cm ruler by measuring the end deflection for a known load.
Assume a rectangular cross section. If you don’t have a means of measuring force (kitchen scales
or weights are fine) then use the example below.

For example, a Helix ruler loaded as a cantilever beam deflected approx 20 mm when loaded
with 20 grams. The distance from the support to the weight was approx 210 mm. Assume a square
cross section 2mm by 40mm.

P.3 Question 3: Second moment of area

Find the Second moment of area of

1. a cylinder radius r with narrow walls thickness t about the diameter
2. a rectangle height h breadth b about the base
3. a rectangle height h breadth b about the midline
4. an I beam height h breadth b thickness w about the midline
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Note ∫
sin θ2dθ =

θ

2
− sin (2 θ)

4
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